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a b s t r a c t

An annual sequence of wages in England starting in 1245 is used. It is shown that a stan-
dard AK-type growth model with capital externality and stochastic productivity shocks is
unable to explain important features of the data. Random returns to scale are then consid-
ered. Moderate episodes of increasing returns to scale and growth are shown to be com-
patible with convergence of wage’s process towards a unique stationary distribution. This
holds true for other relevant values such as GDP and/or capital stock. Furthermore, ran-
dom returns to scale generate heteroskedasticity, a feature common to macroeconomic
time series. Finally, the limit distribution of real wages displays fat tails if returns to scale
are episodically increasing. Several inference results supporting randomness of returns to
scale are provided.

© 2014 Elsevier B.V. All rights reserved.

1. Introduction

In this paper, wemake use of one of the longest availablemacroeconomic datasets i.e. an annual sequence of realwages in
England starting in 1245 reported in Fig. 1 to investigate its dynamic properties. This exceptionally long sequence is available
at http://www.measuringworth.org/ukearncpi/.

The most striking feature of this sequence is the dramatic increase in real wages during the XIX-th and XX-th centuries.
Wage growth in the oldest part of the sample is undoubtedly smaller. Similar patterns may be obtained for other developed
countries and other time series, such as GDP (see Maddison, 2000).

The second striking feature is the heteroskedasticity of this time series. In Fig. 2, we plot the increment of the log of real
wages, a measure of the annual real growth rate.

The variability of the growth rate during the LateMiddle Ages (1245–1500) andModern period (1500–1800) is obviously
much larger than it is in the most recent period. The high volatility of wage growth in the Middle Ages can mostly be ex-
plained by variations in nominal prices in the agricultural sector. During this period, climatic events and conflicts explain
the erratic fluctuations in agricultural returns causing large fluctuations in wages. However, variations in the wage growth
rate can hardly be considered as being caused by purely random short-term factors, as periods of large or low volatility seem
to be quite persistent over time.

It is usual, in the literature, to decompose such time series into a trend and a transitory component. Many procedures and
approaches have been proposed to obtain such decompositions, among which filtering and co-integration are currently the
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Fig. 1. Real wages.

most popular. By and large, Growth Theory focuses on the trend component, whereas transitory components are the scope of
business cycle models. Variations in the trend component most often rely on separate explanations of the so-called Malthu-
sian, Post-Malthusian andModern Growth Regimes. The analysis of business cycles is conducted once the trend component
has been removed. The current Cycle Theory views business cycles as the consequence of the transmission of exogenous
shocks across sectors, GDP components, and/or countries. Noticeably, the business cycle literature almost exclusively fo-
cuses on post-war data.

Recently however, the so-called Unified Growth Theory (see Galor, 2005, 2007, Galor and Moav, 2004, Galor et al., 2009,
Galor and Weil, 1999, and Galor and Weil, 2000, among many others) has proposed a single law of motion instead of using
different ones to fit various historical episodes. In addition, an alternative and original approach to the understanding of
business cycles has been proposed by Barro (2006), providing a middle-term perspective on economic crises. This proposal
analyzes a large international panel of long time series that includes large crisis (‘‘disasters’’) and allows to analyze their
impact on, among other things, the equity premium puzzle.

In this paper, we propose a structural model that allows for a joint analysis of variations in the level and the variability of
growth in a long-term perspective. We eschew the decomposition into trend and transitory components, and confront the
model predictions to the entire sequence of wages. As the full presentation of the model makes clear, we consider that ran-
dom shocks are always present. Thus the relevant macroeconomic quantities will never converge towards a unique value.
As a consequence, ‘long-term analysis’ refers to the study of limit distributions of relevant (random) economic quantities
such as real wage, GDP and the capital stock. In what follows, we use the terms ‘stationary’ and/or ‘long term’ to refer to the
limit distribution of a process.

The model is a modified version of the RBC model initially proposed by Hercowitz and Sampson (1991), that has the ad-
vantage to allow for a closed-form solution. As usual in the endogenous growth literature, an externality generated by capital
accumulation generates growth. The originality of the model is to allow the strength of this externality to vary over time.
Variability of returns to scale has been used to investigate the relevance of the unit root hypothesis and its consequences
for growth (see Glachant, 1994 and the references therein).

We derive the optimal response of agents to Total Factor Productivity (TFP hereafter) and externality shocks. In the
general case, we show that wages admit a Random-Coefficient ARMA representation, a particular case of Kesten’s process
(see Kesten, 1973), if the TFP process admits a strong ARMA representation. In the special case of a constant externality on
capital accumulation, the sequence of real wages admits a strong ARMA representationwith fixed coefficients. The emphasis
on ‘strong’ ARMA is relevant here sincewe cannot rely on autocorrelation structures. Indeed, in the general case, the limiting
process may not be integrable in the L2 sense.

Themodel has several interesting implications. First, we provide conditions under which the real wage process admits in
the limit a unique distribution. Under these conditions this will also be the case of other relevant aggregate economic quan-
tities. Second, we show that agent’s optimal response to i.i.d. TFP and externality shocks generates dynamic heteroskedas-
ticity. In the model, positive externality shocks can induce temporarily increasing returns to scale and result in recurrent
transitory growth episodes. We derive analytical conditions under which these episodes are consistent with convergence of
the process towards a limit distribution. This distribution exists as long as increasing returns to scale are not too frequent.
Third, the stationary distribution of real wages typically displays fat tails, even if shocks are bounded. Again, this also holds
true for GDP, and the capital stock.We show that fat tails are a direct consequence of episodically increasing returns to scale.
Importantly, themodel is plainly compatiblewith the vast empiricalmacroeconomic literature on random-walk hypothesis.
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