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1. Introduction

A hypergraph G is a pair (V, E), where V = V(G) is a nonempty finite set called the vertex set of G and E = E(G) is a
family of subsets of V(G) called the edge set of G, see [3]. The size of G is the cardinality of E(G). For an integer k > 2, a
hypergraph is k-uniform if all its edges have cardinality k. A (simple) graph is a 2-uniform hypergraph. For v € V(G), let
Ec(v) be the set of edges of G containing v. The degree of a vertex v in G is the number of edges containing it, denoted by
dg(v), i.e., dg(v) = |Eg(v)l.

For u,v € V(G), a walk from u to v in G is defined to be a sequence of vertices and edges (vo, e1, v1, ..., Up—1, €p, Up)
with vp = u and v, = v such that edge e; contains vertices v;_y and v;, and vi_; # v; fori = 1, ..., p. The value p is the
length of this walk. A path is a walk with all v; distinct and all e; distinct. A cycle is a walk containing at least two edges, all
e; are distinct and all v; are distinct except vy = vp. A vertex u € V(G) is viewed as a path (from u to u) of length 0. If there
is a path from u to v for any u, v € V(G), then we say that G is connected. A component of a hypergraph G is a maximal
connected subhypergraph of G. A hypertree is a connected hypergraph with no cycles. A unicyclic hypergraph is a connected
hypergraph with exactly one cycle. Note that a k-uniform unicyclic hypergraph with m edges always has order (k — 1)m.

Let G be a connected k-uniform hypergraph with V(G) = {vy, ..., v,}. For u, v € V(G), the distance between u and v is
the length of a shortest path from u to v in G, denoted by dg(u, v). In particular, ds(u, u) = 0. The distance matrix of G is the
n x nmatrix D(G) = (d¢(u, v))uvev(c)- The eigenvalues of D(G) are called the distance eigenvalues of G. Since D(G) is real and
symmetric, the distance eigenvalues of G are real. The distance spectral radius of G, denoted by p(G), is the largest absolute
value of the distance eigenvalues of G. Since D(G) is an irreducible nonnegative matrix, the Perron-Frobenius theorem implies
that p(G) is the largest distance eigenvalue, and there is a unique positive unit eigenvector corresponding to p(G), which is
called the distance Perron vector of G, denoted by x(G).
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Balaban et al. [2] proposed the use of the distance spectral radius of ordinary graphs (2-uniform hypergraphs) as a
molecular descriptor, and it was successfully used to make inferences about the extent of branching and boiling points of
alkanes, see [2,8]. Now the distance spectral radius of an ordinary graph has been studied extensively, see [4-6] for classical
results, and see survey [1] (and references therein, e.g., [14,16]) for recent results. Particularly, Yu et al. [16] determined
the unique unicyclic graphs with minimum (maximum, respectively) distance spectral radius. They showed that the graph
obtained by adding an edge to a star is the unique unicyclic graph with minimum distance spectral radius, while the graph
obtained from a path by adding an edge between a terminal vertex and the vertex of distance two from it is the unique
unicyclic graph with maximum distance spectral radius.

As graph representation of molecular structures is widely used in computational chemistry and theoretical chemical
researches, hypergraph theory also found applications in chemistry [7,9-11]. As noted in [10], the hypergraph model gave
a higher accuracy of molecular structure description: the higher the accuracy of the model, the greater the diversity of the
behavior of its invariants. For ‘general’ k-uniform hypergraphs, Sivasubramanian [15] gave a formula for the inverse of a
few g-analogs of the distance matrix of a 3-uniform hypertree, and we studied the distance spectral radius of k-uniform
hypergraphs in [12] and determined the k-uniform hypertrees with maximum, second maximum, minimum, and second
minimum distance spectral radii, respectively.

For a hypergraph G with E’ C E(G), let G — E’ be the subhypergraph of G obtained by deleting all the edges of E'.

For a k-uniform unicyclic hypergraph G with V(G) = {v1, ..., v}, if E(G) = {es, ..., em}, where &; = {vi_1)k—1)41, - - - »
Vi—1)k—1)+k} fori =1, ..., mand vm—1)yk-1)+k = v1, then we call G a k-uniform loose cycle, denoted by C, k.

Let G be a connected k-uniform hypergraph with an induced subhypergraph Cg—1), where k > 3 and g > 2. Let the
vertices of Cy(x—1),x be labeled as above with vig_1yx—1)+x = v1. Suppose that G — E(Cy(x—1),k) consists of g(k — 1) components,
denoted by Hy, ..., Hg—1y with v; € V(H;) fori =1, ..., g(k — 1). In this case, we denote G by Ck(kq)(Hh ooy Hee—y)

In this paper, we propose two types of graft transformations for the uniform hypergraph Cg‘(kfl)(Hb ..., Hgr—1y) that
decrease or increase the distance spectral radius, determine the unique k-uniform unicyclic hypergraphs of size m > 2 with
minimum and second minimum distance spectral radii, respectively, and discuss the possible structure of the k-uniform
unicyclic hypergraph(s) of fixed size with maximum distance spectral radius.

2. Preliminaries

Let G be a k-uniform hypergraph with V(G) = {v1, ..., vy}. A column vector x = (X,,, . .., Xy, )T € R™ can be considered
as a function defined on V(G) which maps vertex v; to x,;, i.e., X(v;) = x,, fori = 1, ..., n. Then
x'D(G)x = Z 2dg(u, v)xyXy,
{u,v}CV(G)

and p is a distance eigenvalue with corresponding eigenvector x if and only if x # 0 and for each u € V(G),

pxu= Y d(u, v)x,.

veV(G)

The above equation is called the eigenequation of G (at u). For a unit column vector x € R" with at least one nonnegative
entry, by Rayleigh’s principle, we have

p(G) = x"D(G)x
with equality if and only if x = x(G).

Lemma 2.1 ([12]). Let G be a connected k-uniform hypergraph with n being an automorphism of G, and x the distance Perron
vector of G. Then n(v;) = v; implies that x,, = Xy

For X C V(G) with X # @, let G[X] be the subhypergraph of G induced by X, i.e., G[X] has vertex set X and edge set
{e € X : e € E(G)}, and let o5(X) be the sum of the entries of the distance Perron vector of G corresponding to the vertices
in X. For u € V(G), let G — u be the subhypergraph of G obtained by deleting u and all edges containing u.

Let Gbe a k-uniform hypergraph withu, v € V(G)andey, ..., e, € E(G)suchthatu € e;,v ¢ e;ande] ¢ E(G)for1 <i <r,
where e; = (e; \ {u}) U {v}. Let G’ be the hypergraph with V(G') = V(G) and E(G') = (E(G) \ {e1, ..., e;})U{e}, ..., e;}. Then
we say that G’ is obtained from G by moving edges ey, ..., e, from u to v.

A path P = (vo, €1, V1, ..., Up—1, €p, Up) With p > 1 in a k-uniform hypergraph G is called a pendant path of length p at
vo, if dg(vo) > 2,dg(v;) =2for1 <i<p—1,dg(v) = 1forv e ¢;\ {vi_1, v;} with1 <i < p,and dg(vp) = 1.1f p = 1, then
we call P or e; a pendant edge at vg.

Let G be a connected k-uniform hypergraph with |[E(G)| > 2, and lete = {w, ..., wy} be a pendant edge of G at wy. For
1 <i < k—1,let H; be a connected k-uniform hypergraph with v; € V(H;). Suppose that G, Hy, .. ., H,_1 are vertex-disjoint.
For0 <s < k—1,let Ges(Hq, ..., Hr—1) be the hypergraph obtained by identifying w; of Gand v; of H;fors + 1 <i <k —1
and identifying wy of G and v; of H; foralliwith1 <i <.

Lemma 2.2 ([12]). Suppose that |E(H;)| > 1forsomejwith1 < j < k—1.Then p(Geo(Hx, ..., Hk-1)) > p(Ges(H1, ..., Hi-1))
forj<s<k-—1.
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