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a b s t r a c t

In this paper, we construct a class of linear codes over the local ring R = Fq + uFq and
determine the Lee distribution by employing character sums. Using the Gray map, we
obtain a class of linear codes with two weights over Fq. These linear codes are proved to
be optimal with respect to the Griesmer bound. Notably, the parameters of these linear
codes are flexible and new. As an application, we employ these linear codes to construct
association schemes.

© 2017 Elsevier B.V. All rights reserved.

1. Introduction

Linear codes have wide utilization in association schemes, authentication codes, data storage systems and some other
fields. In particular, linear codes with two weights are closely related to strongly regular graphs, partial difference sets and
finite geometry [2]. The construction of linear codes is a hot topic in coding theory. During the past decade, a great deal of
effort has been devoted to the study of linear codes [5,6,9–12,19]. Let q be a power of a prime p and Fq the finite field with
q elements. A q-ary [n, k, d] linear code is a k-dimensional linear subspace of the vector space Fn

q with minimum Hamming
distance d. Denote by Ai the number of codewords with weight i in a linear code C of length n. Then the weight enumerator
of C is defined by the polynomial A0 + A1x+ A2x2 + · · · + Anxn. The coefficient Ai (0 ≤ i ≤ n) of this polynomial is called the
weight distribution of the code C. Obviously, we can obtain theminimum distance of the code C from its weight distribution.
We call C a t-weight linear code if the number of nonzero Ai in the sequence (A1, A2, . . . , An) is equal to t .

For an [n, k, d] code C, there exists some trade-offs among these parameters of C such as the Sphere Packing bound, the
Singleton bound and so on. It is desirable to construct a linear code achieving one bound. Next, we introduce an upper bound
which generalizes the Singleton Bound known as the Griesmer Bound. Remarkably, it is only applicable to linear codes. Let
us recall it in the following lemma [7].

Lemma 1.1 ([7] Griesmer Bound). For any [n, k, d] linear code over Fq, we have

n ≥

k−1∑
i=0

⌈
d
qi

⌉
,

where ⌈·⌉ is the ceiling function.
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An [n, k, d] linear code C is optimal if the parameters n, k and d achieve this bound with equality [7] and C is called distance-
optimal if there is no [n, k, d + 1] code [8]. For simplicity, we call such a code optimal.

In [5,6], Ding et al. proposed a generic construction of linear codes over Fq. Inspired by this idea, one can construct linear
codes over finite rings as follows. Let R = Fq + uFq with u2

= 0. It is easy to check that R is a local ring with the maximal
ideal (u). Let m be a positive integer and R = Fqm + uFqm with u2

= 0 an extension ring of R. Denote by F∗

qm = Fqm \ {0}. A
linear code over R with a defining set K ⊆ R∗ is given by

CK = {(Tr(ak))k∈K : a ∈ R}, (1)

where Tr(·) is the trace function from R to R (see Section 2) and R∗
= F∗

qm + uFqm is the group of units of R. Clearly,
CK can be viewed as an Rn-module. Proceeding as in the proof of Theorem 6 in [6], the rank of CK is equal to that of the
R-module spanned by K . Using the Gray map on CK , we can obtain a corresponding linear code over Fq from CK . Employing
this technique, Shi et al. [16–18] and Liu et al. [14] got some optimal linear codes with few weights.

Themain purpose of this paper is to construct a class of linear codes over R by the approachmentioned above. By the Gray
map, we can obtain a class of linear codes over Fq and these linear codes are optimal with respect to the Griesmer bound.
Notably, to our best knowledge, the parameters of these optimal linear codes are new.

An outline of this paper is as follows. In Section 2, we introduce some basic definitions. In Section 3, we present our main
results. In Section 4, we use the linear codes obtained to construct association schemes. In Section 5, we make a conclusion.

2. Preliminaries

In this section, we present some notations and definitions on rings and characters over the finite fields, which will be
needed in our discussion.

Letm be a positive integer and r = qm. The trace function from Fr to Fq is

trr/q(x) = x + xq + · · · + xq
m−1

,

where x ∈ Fr .
For each a ∈ Fr , we define the additive character of Fr by the function χa(x) = e2π

√
−1trr/p(ax)/p. When a = 1, χ1(x) is the

canonical additive character of Fr . Throughout this paper, we write the canonical additive character of Fr and Fq simply as
χ and µ, respectively.

Note that R = Fq + uFq and its extension ring R = Fr + uFr , where u2
= 0. There exists a Frobenius transformation f

mapping a+ub to aq+ubq for every a, b ∈ Fr . Then the trace function fromR to R is defined by Tr(a+ub) =
∑m−1

i=0 f i(a+ub).
It is simple to show that Tr(a + ub) = trr/q(a) + utrr/q(b).

Define the Gray map ϕ from R to F2
q by ϕ(x+ uy) = (y, x+ y), where x, y ∈ Fq. It is a bijection and it can extend naturally

to a map from Rn to F2n
q . Let C be a linear code of length n over R and c = X + uY a codeword of C, where X, Y ∈ Fn

q . Denote
by wH (X) the Hamming weight of X . Then the Lee weight of c is defined as

wL(c) = wH (Y ) + wH (X + Y ).

Denote the number of codewords with Lee weight i in C by Li. Then the Lee weight enumerator is given by the polynomial
1 + L1z + L2z2 + · · · + L2nz2n. The coefficient Li (0 < i ≤ 2n) of this polynomial is called the Lee weight distribution of the
code C.

For a codeword c of C, in order to determine the Lee weight of c, we should compute its corresponding Hamming weight
after Gray mapping. The following lemma provides a method to determine the Hamming weight of a given vector. Using the
same method as in [15, p. 411–412], we can carry out the proof of this lemma.

Lemma 2.1. Let n be a positive integer. For Z = (z1, z2, . . . , zn) ∈ Fn
q , we have∑

x∈F∗
q

Ψ (xZ) = (q − 1)n − qwH (Z),

where Ψ (xZ) =
∑N

i=1µ(xzi).

3. Main results

In this section,we firstly construct a class of linear codes definedby (1) andpresent its Leeweight distribution. Throughout
this section, we set r = qm, where q is a power of a prime p and m is a positive integer.

Theorem 3.1. Let Dl be an l-subset of F∗
q , where 0 < l < q. Assume that K = Dl + uFr with u2

= 0. Then CK defined by (1) is a
linear code of length lr over Fq + uFq and the Lee weight distribution is listed in Table 1.
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