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a b s t r a c t

In this communication, we present a characterization of bent–negabent functions, which
is related to the autocorrelation spectra. A special case of this characterization is then
exploited to prove that there is no rotation symmetric Boolean function inn = 2pk variables
which is bent–negabent when p is an odd prime and k is any positive integer.

© 2017 Elsevier B.V. All rights reserved.

1. Introduction

In 1976, Rothaus [7] introduced a class of Boolean functions with provably maximum possible distance from the affine
functions, called the bent functions. Bent functions exist only in even number of variables and the degree of an n-variable
bent function is at most n

2 . A Boolean function is said to be negabent if its nega-Hadamard spectrum is flat [6,9,4]. Riera
and Parker [6] initiated the problem of constructing Boolean functions that are bent as well as negabent at the same
time. For subsequent results on bent–negabent functions, one may refer to [9,4,10]. Here, for the first time, we present
a characterization of bent–negabent functions that relates to the autocorrelation spectra. It is well known that all the
autocorrelation spectrum values of a bent function at non-zero point are zero. Naturally, we should obtain more stringent
conditions when a function is bent–negabent. We show that an n-variable (n even) function is bent–negabent if and only if
for all non-zero a ∈ Fn

2,∑
x∈Fn2: a·x=0

(−1)f (x)⊕f (x⊕a)
=

∑
x∈Fn2: a·x=1

(−1)f (x)⊕f (x⊕a)
= 0

when wt(a) is even, and when wt(a) is odd∑
x∈Fn2: ā·x=0

(−1)f (x)⊕f (x⊕a)
=

∑
x∈Fn2: ā·x=1

(−1)f (x)⊕f (x⊕a)
= 0.
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Naturally, this provides 2n
− 1 additional constraints (corresponding to different non-zero a’s) over the bent function by

considering the partial sums when the autocorrelation spectrum of a bent–negabent function is studied. Consequently, this
leads to non-existence of certain classes of bent–negabent functions that we discuss next.

Rotation symmetric (RotS) Boolean functions are those functions that return the same output if the input bit-patterns are
rotated. These functions have more efficient implementation than the general Boolean functions and therefore these are of
practical interest in construction of cryptographic primitives. Pieprzyk and Qu [5] studied the rotation symmetric Boolean
functions as components in the rounds of a hashing algorithm. For interesting combinatorial results related to RotS Boolean
functions, we refer to [11,2,1]. Very recently, Sarkar and Cusick [8] have noted that there does not exist any quadratic rotation
symmetric Boolean function which is bent–negabent and further they have checked that for n ≤ 8 there is no rotation
symmetric bent–negabent function. The existence (or non-existence) of a rotation symmetric bent–negabent function with
even number of variables is thus an important open question. We partially solve this for n = 2pk, where p is an odd prime
and k is any positive integer. One can see that the density of prime powers is of the order of density of the prime numbers [3].
Hence, we may note that for integers till n, the estimated count of even numbers of the form 2pk is O( n

log n ). Thus, our result
covers a considerable number of even integers.

1.1. Preliminaries

Let F2 be the prime field of characteristic 2. Let ⊕ denote the addition over F2. Let Fn
2 = {(x1, x2, . . . , xn) : xi ∈ F2, 1 ≤

i ≤ n} be the vector space of dimension n over F2. For any x = (x1, . . . , xn), y = (y1, . . . , yn) ∈ Fn
2, we define the vector

space addition as x ⊕ y = (x1 ⊕ y1, x2 ⊕ y2, . . . , xn ⊕ yn) and the inner product as x · y = x1y1 ⊕ x2y2 ⊕ · · · ⊕ xnyn. Any
function f from Fn

2 to F2 is said to be a Boolean function in n variables. The set of all n-variable Boolean functions is denoted
by Bn. Any function f ∈ Bn can be represented in a unique way as

f (x1, x2, . . . , xn) =

⨁
a=(a1,...,an)∈Fn2

λa(
n∏

i=1

xaii ),

where λa ∈ F2 and x1, . . . , xn ∈ F2. This polynomial form is said to be the algebraic normal form (ANF) of f ∈ Bn. The
Hamming weight of x ∈ Fn

2, wt(x), is defined as wt(x) =
∑n

i=1xi where the sum is over the ring of integers. The algebraic
degree of f ∈ Bn, deg(f ), is defined as deg(f ) = maxa∈Fn2{wt(a) : λa ̸= 0}. Let Ek = {x ∈ Fn

2 : wt(x) = k}, k ∈ {0, 1, . . . , n}.
Notice that the cardinality of Ek is equal to the cardinality of En−k, i.e., |Ek| = |En−k| and Fn

2 = ∪
n
k=0Ek.

TheWalsh–Hadamard transform of f ∈ Bn at a ∈ Fn
2, denoted byWf (a), is defined by

Wf (a) =

∑
x∈Fn2

(−1)f (x)⊕a·x.

The multiset [Wf (a) : a ∈ Fn
2] is said to be the Walsh–Hadamard spectrum of f . Let n be an even positive integer. A function

f ∈ Bn is said to be bent if and only ifWf (a) = ±2
n
2 , for all a ∈ Fn

2. Alternatively, f is bent if and only if∑
x∈Fn2

(−1)f (x)⊕f (x⊕a)
= 0, for all non-zero a ∈ Fn

2.

The nega-Hadamard transform of f ∈ Fn
2 at a ∈ Fn

2, denoted by Nf (a), is defined by

Nf (a) =

∑
x∈Fn2

(−1)f (x)⊕a·xıwt(x),

where ı2 = −1. The multiset [Nf (a) : a ∈ Fn
2] is said to be the nega-Hadamard spectrum of f . An n-variable function f is said

to be negabent if the modulus of the complex numberNf (a) is |Nf (a)| = 2
n
2 , for all a ∈ Fn

2. For an even number of variables,
a bent function f ∈ Bn is said to be bent–negabent if f is negabent.

Now we describe the rotation symmetric Boolean functions. Let xj ∈ F2 for j ∈ {1, 2, . . . , n}. We define

ρk
n(xj) = x(j+k) mod n =

{
xj+k, if j + k ≤ n;
xj+k−n, if j + k > n.

Let Cn = {ρ1
n , ρ

2
n , . . . , ρ

n
n } be the permutation group which contains the rotations of n symbols, defined as

ρ i
n(x) = ρ i

n(x1, x2, . . . , xn) = (x(1+i) mod n, x(2+i) mod n, . . . , x(n+i) mod n). (1)

Definition 1. An n-variable Boolean function f is said to be rotation symmetric if and only if for any x ∈ Fn
2,

f (ρk
n(x)) = f (x), for all k ∈ {1, 2, . . . , n}.
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