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In evolutionary biology, it is common to study how various entities evolve together, for 
example, how parasites coevolve with their host, or genes with their species. Coevolution is 
commonly modelled by considering certain maps or reconciliations from one evolutionary 
tree P to another H , all of which induce the same map φ between the leaf-sets of P
and H (corresponding to present-day associations). Recently, there has been much interest 
in studying spaces of reconciliations, which arise by defining some metric d on the set 
R(P , H, φ) of all possible reconciliations between P and H .
In this paper, we study the following question: How do we compute a geometric median for 
a given subset � of R(P , H, φ) relative to d, i.e. an element ψmed ∈ R(P , H, φ) such that

∑

ψ ′∈�

d(ψmed,ψ
′) ≤

∑

ψ ′∈�

d(ψ,ψ ′)

holds for all ψ ∈ R(P , H, φ)? For a model where so-called host-switches or transfers are 
not allowed, and for a commonly used metric d called the edit-distance, we show that it is 
possible to compute a geometric median for a set � in R(P , H, φ) in polynomial time. We 
expect that this result could open up new directions for computing a consensus for a set 
of reconciliations.

© 2018 Elsevier B.V. All rights reserved.

1. Introduction

In phylogenetics, the reconciliation problem involves 
trying to find a map that reconciles one leaf-labelled evo-
lutionary tree with another [4,11]. It has important appli-
cations in areas such as ecology and genomics, and arises 
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in various situations. For example, biologists are interested 
in understanding how parasite and host species [7], genes 
and species [8], or species and habitats coevolve [12] (in 
what follows we shall use terminology for host-parasite re-
lationships to keep things concrete).

More formally, a phylogenetic tree T is a rooted, binary 
tree (i.e. every vertex of T that is not the root or a leaf 
has indegree 1 and outdegree 2), which has root vertex ρT

(with indegree 0 and outdegree 2). Given a host-parasite 
triple (P , H, φ), that is, two phylogenetic trees P and H
(the parasite and the host tree, respectively), whose leaf-
sets represent present-day species, and a map φ : L(P ) →
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Fig. 1. An example of a reconciliation map. Note that φ is given by φ(a) =
A, . . . , φ(e) = E .

L(H) between their leaf-sets (describing which parasite is 
currently on which host), a reconciliation map is a map 
ψ : V (P ) → V (H) between their vertex sets which satis-
fies:

(i) The map ψ restricted to L(P ) equals φ.
(ii) If v is a vertex in the interior of P , then ψ(v) is either 

strictly above or equal to ψ(v ′), for any child v ′ of v .

We present an example of such a map in Fig. 1. Note 
that various definitions have been proposed for reconcil-
iation maps (see e.g. [8]). These model evolutionary pro-
cesses including cospeciation (a host and parasite speciate 
together), duplication (a parasite speciates on a host), loss 
(a host speciates but not its parasite) and host-switches 
(e.g. a parasite switches to another host). In this paper, we 
are using the definition for a reconciliation map presented 
in [7,13], with the added assumption that we do not allow 
host-switches.

In general, several algorithms have been developed to 
compute optimal and suboptimal reconciliations for a pair 
of trees relative to some predefined cost-function (cf. e.g. 
[8,9]). When host-switches are not allowed (as in this pa-
per), collections of suboptimal reconciliations can contain 
thousands of elements [9], and for more complex mod-
els (e.g. where host-switches are permitted), this can be 
the case even for collections of optimal reconciliations [7]. 
It is thus quite natural to consider properties of the set 
of all possible reconciliations endowed with some met-
ric which also permits their comparison. These so-called 
reconciliation spaces are of growing importance in the liter-
ature [1,3,9,10,14] and permit quantitative analysis of the 
behaviour of reconciliation maps.

In this paper, we are interested in the problem of com-
puting geometric medians in reconciliation spaces. In gen-
eral, for Y a finite set endowed with a metric D , and 
Y ′ ⊆ Y , an element y∗ ∈ Y is a geometric median for Y ′
in Y if
∑

y′∈Y ′
D(y∗, y′) = min{

∑

y′∈Y ′
D(y, y′) : y ∈ Y }.

Such elements are useful as they can act as an element 
which summarizes or forms a consensus for the set Y ′ . 
Within computational biology, geometric medians (and the 
closely related concept of centroids) have been used in phy-
logenetics to form a consensus tree for a set of phyloge-
netic trees [2], and in RNA secondary structure prediction 
to derive a consensus structure for a set of suboptimal RNA 
structures [6]. We therefore expect that being able to com-
pute geometric medians in reconciliation spaces should be 

a useful addition to the theory of reconciliations (e.g. for 
computing a consensus of a collection of reconciliations).

We now summarize the contents of the rest of the 
paper. In the next section we present some preliminary 
definitions and results. This includes the definition of the 
edit-distance, a metric on the set R(P , H, φ) of all recon-
ciliation maps for a host-parasite triple (P , H, φ). Variants 
of this distance have been previously used to quantita-
tively analyse collections of reconciliations (cf. e.g. [9]). In 
Section 3, we present some basic observations concern-
ing medians, which we then use in Section 4 to define 
the concept of a median reconciliation for a subset � of 
R(P , H, φ) (Theorem 2). In Section 5, we then show that 
a median reconciliation is in fact a geometric median for 
� in R(P , H, φ) relative to the edit-distance (Theorem 4). 
We also explain how to compute a geometric median in 
polynomial time, even though it should be noted that 
R(P , H, φ) can be exponential in size (see e.g. [7, p.2]). 
We conclude in Section 6, with a brief discussion of some 
potential future directions.

2. Preliminaries

For a phylogenetic tree T , denote the set of interior ver-
tices of T by V o(T ) = V (T ) − L(T ), and the root by ρT . If 
v ∈ V o(T ), we let Ch(v) denote the set of children of v , 
and if v ∈ V (T ) − {ρT }, we let par(v) denote the parent of 
v in T .

We denote by �T the partial order of V (T ) given by T . 
In case the context is clear, we just use �. Also, we say 
for vertices x, y ∈ V (T ) with x � y that y is below x and 
that x is above y. Furthermore, we say that y is strictly 
below x if y is below x and x 	= y and that x is strictly 
above y if x is above y and x 	= y. In that case, we also 
put x 
 y. If L is a subset of L(T ) of size at least two, we 
let lcaT (L) = lca(L) denote the least common ancestor of the 
set L, that is, the lowest vertex in T which is above every 
element of L (with respect to the ordering �T ). If |L| = 1, 
then we set lcaT (L) = x where x is the unique element 
in L.

Now, let (P , H, φ) be a host-parasite triple. For v ∈
V (P ), we let

m(v) = lcaH ({φ(x) : x ∈ L(P ) and v �P x}).
We also let A(v) be the subset of V (H) given by

A(v) = {u ∈ V (H) : ρH � u � m(v)}.
We now make some observations (cf. also [9]) – we 

prove only (R2) as the rest are straight-forward to check:
(R0) If v ∈ V o(P ) and v ′ ∈ Ch(v), then m(v) � m(v ′) and 
A(v) ⊆ A(v ′).
(R1) If ψ ∈ R(P , H, φ), x ∈ L(P ), v ∈ V (P ) and v � x, then 
ψ(v) � ψ(x) = φ(x).
(R2) If ψ ∈ R(P , H, φ), then for all v ∈ V (P ) we have 
ψ(v) ∈ A(v).

Proof. If v ∈ L(P ) then the statement clearly holds. Sup-
pose now there exist some v ∈ V o(P ), but ψ(v) /∈ A(v). 
Since m(v) ∈ A(v), it suffices to consider the following two 
cases:
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