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We propose a hybrid approach for a Toeplitz matrix-vector product (TMVP) of size
k- 213/, where k > 1 and i,j > 0. It is possible to make trade-offs between time and
space complexities for a TMVP by choosing values k, i, and j properly. We show that
the multiplier based on the proposed hybrid TMVP approach has lower space as well
as time complexities than other subquadratic space complexity multipliers for five fields

recommended by NIST. Moreover, for those five fields, the space complexities of the
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proposed multiplier are reduced by a minimum 59% and a maximum 77% compared with
quadratic space complexity multiplier.
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1. Introduction

A Toeplitz matrix is an n x n matrix T = [t; jlo<i, j<n
such that t; j =tj_1 j_q for 1 <1, j < n. Efficient compu-
tation for a Toeplitz matrix-vector product (TMVP) has re-
ceived considerable attention since a binary extension field
multiplication can be obtained by computing a TMVP over
the binary field F, ([1], [2]). A Toeplitz matrix and vec-
tor considered in this paper have their entries in F,. Fan
and Hasan in [1] proposed a subquadratic approach for a
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TMVP of size I' (i > 0) using the recursive I-way split for-
mula, where [ =2 or 3. It is possible to design subquadratic
scheme for a TMVP of size 2i3/ (i, j > 0) by combing the
2-way split and 3-way split approaches ([1, Section 2.3]).
In [3], Hasan et al. proposed a modification of the TMVP of
Fan and Hasan. They decompose the recursive [-way split
formula for a TMVP of size m =1 into four independent
blocks and then reduce the space complexity for a TMVP
using a block recombination. However, the special form [
of m may make the TMVP approach in [3] ineffective. If m
is not a form of I!, then an easy way to apply the TMVP
approach in [3] is to expand sizes of the corresponding
matrices and vectors into sizes of a form I' by padding
zero entries suitably. For example, if m = 283, the size of
the TMVP is expanded into 2° = 512, which is too large.
In this paper, we make a further study of the block re-
combination scheme proposed in [3]. We first extend the
block decomposition for a TMVP of size m = 2! or 3! into
size m = 2!3/ in Section 3, where i, j > 0. To this end,
we give the definitions of four blocks for a TMVP of size
2i3J and their complexities. Moreover, we apply the block
recombination scheme to a k-TMVPs-and-add architecture
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Table 1
2-way and 3-way split formulae for TMVP.

2-way split

3-way split

TV = T] To Vo — PO+P2
T2 Tq Vi Pi+Py |
Po=(To +T1)Vy,

Py =(T1 +T2)Vo,
Py=T1(Vo+ V1)

T, T1 To Vo Po+ P3+ Py
TV=|T3T2 Th Vi |=| P1+P3+Ps |,
T4 T3 T2 V2 Py + P4+ Ps

Po=(To+T1+T2)Va, P3=T1(V1+ V),
Py =(T1 + T2+ T3)V1, P4=Ta2(Vo+ V2),
Py =(T2+ T3+ T4)Vo, Ps=T3(Vo+ V1)

Sk TuVy of size 213/ and give the explicit complexity
formula for its computation in Section 4. The obtained re-
sults are used in a hybrid scheme for a TMVP in Section 5.

In general, subquadratic approach induces smaller space
complexity but larger time complexity compared with its
quadratic counterparts. Therefore, a hybrid approach which
mixes quadratic and subquadratic approaches may pro-
vide a trade-off between the time and space complex-
ities. For example, the references [4-6] take hybrid ap-
proaches for multipliers which are performed by imple-
menting a few subquadratic iterations and then a quadratic
scheme on small input operands. In Section 5, we propose
a hybrid approach for a TMVP of size n =k - 2{3/ using
k-TMVPs-and-add architectures of size 2{3J, where k > 1
and i, j > 0. We first apply a quadratic approach and then
subquadratic scheme. It is possible to make trade-offs be-
tween time and space complexities for a TMVP by choosing
values k, i, and j properly. In Section 6, against one’s ex-
pectations, we show that the multiplier based on the pro-
posed hybrid TMVP approach has lower space as well as
time complexities than other subquadratic space complex-
ity multipliers in practical applications. This result comes
from more flexible form of n =k - 213/ than forms 23/ in
[1] or [3].

Finally, we remark that the hybrid approach for TMVP
over [F; can be extended into TMVP over any field (see
Remark 1).

2. Review of I-way split formula and its block
decomposition for TMVP with I € {2, 3}

Let [ =2 or 3. The I-way split formula for a TMVP TV
in [1] are summarized in Table 1. A TMVP TV of size [! is
computed using the [-way split formula recursively. The re-
cursive [-way split formula for TV is decomposed into four
blocks in [3]: the component matrix formation (CMF;), the
component vector formation (CV F;), the component mul-
tiplication (CM), and the reconstruction (R;) (see Fig. 1).
Their definitions are reported in Table 2, where T;’s and
V;i's are given in Table 1, X denotes a component multipli-
cation of two vectors, and Wi's are subvectors of W with
the same vector size. We describe the TMVP TV simply by

TV = Ri(CMF|(T)XCV F/(V)).

The complexities for each blocks of a TMVP with size
m =1 are evaluated in [3]. We report those complexities
in Table 3. We use the notations SSMF (m), S$'F(m), and
Sg(m) to denote the number of XOR gates to implement
CMF, CVF, and R of size m, respectively, and SV (m) the
number of AND gates to implement CM of size m.
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Fig. 1. Block decomposition for a TMVP TV of size I'.

A TMVP TV of size m =23/ (i,j > 0) is computed
by applying the 2-way split formula i times and then the
3-way split formula j times since such method is more
efficient than other split methods according to [1, Sec-
tion 2.3]. In this case, the delay for a TMVP of size m =
2i3J equals to

Ta+ Qi+3j)Tx (1)

by [1, Section 2], where T4 and Tx are delays due to one
XOR and AND gate, respectively.

3. Block decomposition for TMVP of size m = 2i3J

In this section, we propose a block decomposition for
TMVP of size m =23/ (i, j > 0) which is implemented
by the 2-way split formula i times and then the 3-way
split formula j times. We define the blocks CMF(T) and
CVF(V) as follows:

(CMF(To + T1), CMF(T1 + T2), CMF(T1))
CME(T) = if 2|m,

CMF3(T) otherwise,

(CVF(Vy),CVF(Vg),CVF(Vg+Vy))
CVFEWV)= if 2|m,

CVF3(V) otherwise,

(2)

where T;’s and V;’s are given in the 2-way split formula of
Table 1. Then CMF(T) and CVF(V) are vectors with 36/
components (which is easily proved by induction on i). The
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