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1. Introduction

Let w = w[1]w[2]...w[n] be an arbitrary word of length |w|=n. A fragment w[i]---w[j] of w, where 1 <i<j<n,
is called a factor of w and is denoted by wf[i..j]. Note that this factor can be considered either as a word itself or as the
fragment wli]...w[j] of w. So for factors we have two different notions of equality: factors can be equal as the same
fragment of the word w or as the same word. To avoid this ambiguity, we use two different notations: if two factors u
and v of w are the same word (the same fragment of w) we will write u =v (u=v). For any i =1,...,n the factor
wl[1..i] (w[i..n]) is called a prefix (a suffix) of w. By positions in w we mean the order numbers 1,2,...,n of letters of
the word w. For any factor v = wli..j] of w the positions i and j are called start position of v and end position of v and
denoted by beg(v) and end(v) respectively. For any two factors u, v of w the factor u is contained in v if beg(v) < beg(u)
and end(u) <end(v). If some word u is equal to a factor v of w then v is called an occurrence of u in w.

We denote by p(w) the minimal period of a word w and by e(w) the ratio |w|/p(w) which is called the exponent of w.
A word is called primitive if its exponent is not an integer greater than 1. A word is called periodic if its exponent is greater
than or equal to 2. Occurrences of periodic words are called repetitions. Repetitions are fundamental objects, due to their
primary importance in word combinatorics [22] as well as in various applications, such as string matching algorithms [13,
5], molecular biology [14], or text compression [23]. The simplest and best known example of repetitions is factors of the
form uu, where u is a nonempty word. Such repetitions are called squares. A square uu is called primitive if u is primitive.
The questions on the number of squares and effective searching of squares in words are well studied in the literature (see,
e.g., [5,4,15]).

A repetition in a word is called maximal if this repetition cannot be extended to the left or to the right in the word by
at least one letter with preserving its minimal period. More precisely, a repetition r = w[i..j] in w is called maximal if it
satisfies the following conditions:
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Fig. 2. A maximal gapped repeat ¢ in w.

1. ifi>1, then w[li —1]#£ w[i — 14+ p(®)],
2.if j<n, then w[j+1—pm]#w[j+1]

Maximal repetitions are usually called runs in the literature. Since runs contain all the other repetitions in a word, the set of
all runs can be considered as a compact encoding of all repetitions in the word which has many useful applications (see, for
example, [7]). For any word w we will denote by E(w) the sum of exponents of all maximal repetitions in w. The following
bound for E(w) is proved in [16].

Theorem 1. E(w) = O (n) for any w.

More precise upper bounds on E(w) were obtained in [6,8,2].

A natural generalization of squares is factors of the form uvu where u and v are nonempty words. We call such factors
gapped repeats. In the gapped repeat uvu the first (second) factor u is called the left (right) copy, and v is called the gap. By
the period of this gapped repeat we will mean the value |u| + |v|. For a gapped repeat ¢ we denote the length of copies
of o by c(0) and the period of o by p(o) (see Fig. 1). By (u’,u”) we will denote the gapped repeat with the left copy u’
and the right copy u”. Not that gapped repeats may form the same segment but have different periods. Such repeats are
considered as distinct, i.e. a gapped repeat is not specified by its start and end positions in the word because these positions
are not sufficient for determining the both copies and the gap of the repeat. Analogously to repetitions, a gapped repeat
(wli’..j'1, w[i”..j"]) in w is called maximal if it satisfies the following conditions:

1. if i’ > 1, then w[i’ — 1] £ wl[i” — 1],
2. if j” <n, then w[j’ +11# w[j” +1].

In other words, a gapped repeat in a word is maximal if its copies cannot be extended to the left or to the right in the
word by at least one letter with preserving its period (see Fig. 2).

Let f, g be functions from N to R such that 0 < g(x) < f(x) for all x € N. We call a gapped repeat uvu f, g-gapped repeat
if g(Ju]) <|v| < f(lu]). To our knowledge, maximal f, g-gapped repeats were firstly investigated in [3] where it was shown
that for computed in constant time functions f, g all maximal f, g-gapped can be found in a word of length n with time
complexity O(nlogn+ S) where S is the size of output. An algorithm for finding in a word all gapped repeats with a fixed
gap length in time O (nlogd + S) where d is the gap length, n is the word length, and S is the size of output was proposed
in [17]. The f,g-gapped repeats naturally generalize gapped repeats o such that p(o) <ac(o) for some o > 1. Such gapped
repeats, which can be considered as a particular case of f, g-gapped repeats for f(x) = (o — 1)x and g(x) = min{1, @ — 1},
are called o-gapped repeats. The notion of a-gapped repeats was introduced in [20] where it was proved that the number of
maximal «-gapped repeats in a word of length n is bounded by O («2n) and all maximal «-gapped repeats can be found in
O (a®n) time for the case of integer alphabet. A new approach to computing c«-gapped repeats was proposed in [11] where
it was shown that the longest «-gapped repeat in a word of length n over an integer alphabet can be found in O(an)
time. This approach was further developed in [10] for computing of gapped repeats of various types in a word. In [24] an
algorithm using an approach previously introduced in [1] is proposed for finding all maximal «-gapped repeats in O (aen+S)
time where S is the output size, for a constant-size alphabet. Finally, in [9,12] an asymptotically tight O («n) bound on the
number of maximal «-gapped repeats in a word of length n was independently proved and, moreover, algorithms for finding
of all maximal «-gapped repeats in O («n) time were proposed.

For any real x denote

] x, ifx > 0; —x, ifx <0;

= . x| = .
0, otherwise; 0, otherwise;
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