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h i g h l i g h t s

• Finite element models of compliant parts are condensed into unified substructures.
• Substructures are reused among identical parts by transformation.
• The propagation of deviations during assembly is modeled based on substructures.
• An aeronautical panel assembly case is studied following the proposed method.
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a b s t r a c t

The assembly process of aeronautical panel usually involves numerous parts and subprocesses. Thus a
large number of Finite Element Analysis (FEA) runs are required to construct its compliant Deviation Prop-
agation Model (DPM), when using the traditional compliant assembly variation analysis methods such as
the Method of Influence Coefficients and the Linear Contact method. In this paper, an efficient DPM con-
struction method based on substructures is proposed to reduce the modeling complexity. Finite element
models of compliant parts are condensed into substructures which have relatively fewer Degrees of Free-
dom (DOFs). And for the identical parts commonly used in the aeronautical panels, once the substructure
of one part is generated, the substructures of the others can be obtained by transformation of the gen-
erated one. By properly selecting the retained DOFs, the same substructures are applicative throughout
the overall modeling process. Based on these unified substructures, the DPM of aeronautical panel assem-
bly process is constructed, without executing extra FEA runs. A case study on a panel subassembly of the
side fuselage is used to illustrate the proposed method. The results show that, this method reduces the
model size as well as the model construction work, while maintaining the same accuracy as complete
finite element analysis conducted in a commercial software package.

© 2014 Elsevier Ltd. All rights reserved.

1. Introduction

The skin–frame structured panels, as shown in Fig. 1(a), are
widely used in the aerospace industry, especially in the fuselage
manufacturing [1]. As important components of an aircraft, the ge-
ometrical quality of the panel subassemblies casts significant influ-
ence on the feasibility of subsequent assembly processes, aswell as
the aerodynamic characteristics and fatigue durability of the air-
craft. Assembly variation analysis is an effective theoretical tool to
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control geometrical quality, i.e., the geometrical variations. Espe-
cially in the product development stage, this tool is widely adopted
to predict the variation propagation in the assembly process and
help to optimize the design [2–5].

The kinematics-based methods were earlier developed to
model variation propagation in the assembly process [6–9]. How-
ever, for compliant parts, geometrical deviations are not only gen-
erated by kinematic motions but also by deformations introduced
by loads or overconstraints. Parts of aeronautical panels are usu-
ally compliant since they are characterized by large size and small
thickness, and subject to overconstraints when being assembled,
as shown in Fig. 1(b); hence deformations should be taken into
consideration in the assembly variation analysis of aeronautical
panels.
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Fig. 1. An aeronautical panel subassembly of mid fuselage and its assembly fixture.

To account for deformations of compliant parts, theories of elas-
tic mechanics were introduced into variation analysis [10]. Due to
the irregular shapes and complicated boundary conditions of real-
istic parts, it is usually impossible to solve the assemblymechanics
problems analytically, yet Finite Element Method (FEM) is needed
to model the parts and resolve for numerical solutions. The most
straightforward way to perform compliant variation analysis us-
ing FEM is the Direct Monte Carlo method [11–13]: Finite Element
Analysis (FEA) is executed to analyze the assembly deformation for
a deterministic case, while Monte Carlo simulation is adopted to
repeat the analysis iteratively to obtained enough statistical sam-
ples. The Direct Monte Carlo method is simple and robust, and can
produce more accurate results integrating complicated nonlinear
FEM [12,13]; however it is very time-consuming since FEA needs
to be run iteratively.

To improve the efficiency of compliant variation analysis, Liu
and Hu [11] developed the Method of Influence Coefficient (MIC).
Based on linear elastic assumption, sensitivity matrices were used
to formulate the relationship between the part deviations and the
assembly spring-back deviations. These sensitivitymatrices can be
obtained using the unit force response method, which is substan-
tially a regression method using the FEA results as sample data.
Since only a few variables, e.g., the displacements at weld locations
are considered, a sensitivity matrix based model is usually much
smaller than the complete FEMmodels; hence the efficiency is im-
proved significantly compared to the Direct Monte Carlo method.

Researchers fromBrighamYoungUniversity developed another
method, i.e., the Linear Contact Method to account for the gap-
closure deformation in variation analysis [14–16]. The equivalent
deformation of parts being fastened was formulated through an
Equivalent Stiffness, which was composed with the reduced stiff-
ness matrices of parts at the fastening nodes. These reduced stiff-
ness matrices were obtained using substructuring method. It is a
more flexible method than the unit force response method, since
specific displacement boundary conditions needed not to be pre-
introduced.

The MIC and the Linear Contact Method have significantly im-
proved the efficiency of compliant variation analysis, and made
it more efficiency-acceptable to further perform or integrate ad-
vanced analysis, such as multistage assembly analysis, process
optimization and contact analysis. Integrated with state space
modeling method [17,18], the MIC were extended to multi-station
assembly systems by Camelio et al. [19] and Yue et al. [20]. In
combination of MIC and nonlinear programming, Camelio et al.
[21] and Cai [22] conducted robust fixture design. Based on MIC,
Long [23] and Jin et al. [24] conducted sensor placement optimiza-
tion of sheet metal assembly, Wärmefjord et al. [25] optimized the
spot welding sequence. Based onMIC aswell, Dahlström et al. [26],
Gerbino et al. [27] and Ungemach et al. [28] developed differ-
ent strategies to consider the contact effect in compliant variation
analysis.

Though a much leaner Deviation Propagation Model (DPM) can
be obtained using MIC or linear contact method, the process of

modeling may be complicated since FEA runs must be executed
to acquire the sensitivity matrices or reduced stiffness matrices
for every substep of the assembly process. This is especially the
case when the assembly process involves a large number of parts
and subprocesses, such as the assembly of aeronautical panels. To
improve the efficiency of DPM construction, a substructure based
method is proposed in this paper to perform compliant assem-
bly variation analysis. Following this method, Finite Element (FE)
models of compliant parts are condensed into substructures, while
identical parts are considered that once one of their substructures
is generated, the others can be obtained just by transformation
of the generated one. By properly selecting the retained Degrees
of Freedom (DOFs), the same substructures are applicative
throughout the overall modeling process. Based on these unified
substructures, the DPM of aeronautical panel assembly process is
constructed, without needing to carry out extra FEA runs. Andwith
Monte Carlo (MC) simulation on the attained DPM, statistical vari-
ation analysis is performed eventually.

This paper is organized as follows: Section 2 presents themodel
reduction method of substructuring, and the transformations of
substructures. Then in Section 3, the process of DPM construction
based on substructures is illustrated. Section 4 concludes the
process of performing statistical variation simulation combining
the DPM and MC method. A case study is presented in Section 5.
And finally, conclusions are drawn in Section 6.

2. Substructuring of compliant parts

The FE models of realistic parts usually consist of great amount
of discrete nodes and thus have large DOFs, which will bring ex-
pensive computational cost in the variation analysis. In this sec-
tion, the substructuring method is used to condense a complete FE
model into a leaner substructure and hence reduces themodel size.

2.1. Static condensation of FE models into unified substructures

For a part made of linear elastic material which deforms within
its elastic limit, the linear relationship between its displacements
and the forces can be formulated asK̃cFcF K̃cFcu K̃cFr

K̃cucF K̃cucu K̃cur

K̃rcF K̃rcu K̃rr

 ucF
ucu
ur


=

FcF
Fcu
Fr


. (1)

According to the characteristics on boundary conditions during the
assembly process, DOFs are generally fall into three categories:
(1) DOFs subject to constant loads during the assembly process,
e.g., free DOFs subject to zero loads or constant environmental
loads such as gravity, decorated with a subscript ‘‘cF’’; (2) DOFs
whose displacements remain constant during the assembly pro-
cess, decorated with a subscript ‘‘cu’’; (3) DOFs of which both dis-
placements and loads are variables during the assembly process.
They will be retained for the variation analysis, decorated with a
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