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subdivision scheme with least possible support among all schemes with specific degrees
of polynomial generation and reproduction. In this paper we propose a formula for the
symbols of the bivariate counterpart of pseudo-splines.
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1. Introduction

Univariate pseudo-splines (Dong and Shen, 2007) are the limits of subdivision schemes with least possible support among
all schemes with specific degrees of polynomial generation and reproduction, and they neatly fill the gap between uniform
B-splines and interpolatory 2n-point schemes. As a first step towards the generalization of this concept to the bivariate
setting, we propose a family of symmetric four-directional bivariate symbols ail(z), 0 <! <n and prove that the members
of this family satisfy the algebraic properties for polynomial generation and reproduction up to degree 2n — 1 and 2/ + 1,
respectively. We further show that the special cases ag(z) and aﬁ‘1(z) are the symbols of the four-directional box splines
and the minimally supported interpolatory schemes by Han and Jia (1998), respectively. Hence, our family fills the gap
between these schemes, akin to univariate pseudo-splines.

All methods we use are of purely algebraic nature and work directly on the bivariate subdivision symbol defined by the
finitely supported subdivision mask A = {aq € R : & € Z?} as

a(z) = Z aez%, =222  z=(z1,22) € (C\ {0}
aeZ?

In the four-directional setting that we consider, the symbol is called symmetric if

a(z1,22) =a(1/z1, 22) = a(z1, 1/23) = a(z2, z1).
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The support of the mask, the symbol, and the scheme is defined as the convex hull of the set {ot € Z; : ay # 0}, and the size
of the support is the area of this convex hull.

Similar to the univariate setting, the generation and reproduction degrees of a bivariate subdivision scheme are closely
related to the behavior of the symbol and its derivatives at z € E, where E = {(1,1), (-1, 1), (1, —1), (—1, —1)}. For example,
the generation and reproduction of constant functions is guaranteed, if a(1,1) =4 and a(z) =0 for z € E/, where E' =
E\{(1, 1)}, which in turn is a necessary condition for the convergence of the scheme. Regarding higher degrees of generation
and reproduction, Cavaretta et al. (1991) show that a convergent bivariate scheme generates polynomials up to degree m > 1,
if

(D*a)(z)=0, zecE, keNZ, O<|kl<m, (1)

which is also known as the sum rule of order m + 1. Moreover, Charina and Conti (2013) prove that a non-singular primal
scheme that generates polynomials up to degree m further reproduces polynomials up to degree m’ > 1 with m’ <m, if

(D*a)(1,1) =0, keN2, O<|kl<m. (2)
In Sauer (2002), Sauer shows that
Je=1-2f=(1-2" 1= :aeN ja| =k, k=1, (3)
is the ideal of all bivariate polynomials p which satisfy
(D¥p)@)=0, ze€E, keN3, 0<|kl<k,
and that the bivariate polynomials which satisfy only (1) for m =k — 1 belong to the quotient ideal
Tk=Jk: (1-2)%,  k>1. (4)

Consequently, a convergent scheme with symbol a € 7 generates polynomials up to degree k — 1. However, a € J does
not imply polynomial reproduction of degree k — 1, because a(1,1) =0 in this case, and hence such a scheme is not even
convergent (Dyn and Levin, 2002). But if a reproduces polynomials up to degree k — 1 and b € Jj, then the reproduction
degree of a+b is also k — 1. Note that the indices of our versions of Z; in (4) and 7 in (3) are shifted by one with respect
to those in Sauer (2002) for convenience, so that

aely, bel - a-beZyy,

and similarly for 7.

2
422) , their difference, and their

In what follows it will be useful to define the bivariate analogues of o = % and § =4
product as

0(2) =0(21)0(22), 8(2) =06(21)8(22), Y(2) =0(2)—4(2), T (2) =0(2)8(2).
We further introduce the notation

8(zH" 825

T (@) = (0(z1)8()" (0 (20(22))" = = 7=

€ D) C L2jq- (5)

Besides the degrees of polynomial generation and reproduction, we are also interested in the support of a symbol, and we
frequently use the graphical notation

l
. 2n+1

2m + 1

to denote the octagonal region {o : |a1] <m,|az| <n,|oq| + |o2] <m +n — 1}, or rather the rectangle [—m, m] x [—n,n],
minus the triangular regions with side length [ in each corner.
Following these conventions, we write the symbol of a primal symmetric four-directional box spline as

2j 2j k k
1+z 1+z 14+ 212 14+21/z 1 ;
uo=("5) (52) (F52) (F32) g —e@ivat ©
1 4

and recall from Charina et al. (2011) that this symbol is contained in Zyy,, where m = 2 j + k — max(j, k). Note that for given m the
support
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