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Localization of unknown nodes in wireless sensor networks, especially for new coming nodes, is an im-
portant area and attracts considerable research interests because many applications need to locate the
source of incoming measurements as precise as possible. In this paper, in order to estimate the geo-
graphic locations of nodes in the wireless sensor networks where most sensors are without an effective
self-positioning functionality, a new graph embedding method is presented based on polynomial map-
ping. The algorithm is used to compute an explicit subspace mapping function between the signal space
and the physical space by a small amount of labeled data and a large amount of unlabeled data. To alle-
viate the inaccurate measurement in the complicated environment and obtain the high dimensional lo-
calization data, we view the wireless sensor nodes as a group of distributed devices and use the geodesic
distance to measure the dissimilarity between every two sensor nodes. Then employing the polynomial
mapping algorithm, the relative locations of sensor nodes are determined and aligned to physical loca-
tions by using coordinate transformation with sufficient anchors. In addition, the physical location of a
new coming unknown node is easily obtained by the sparse preserving ability of the polynomial em-
bedding manifold. At last, compared with several existing approaches, the performances of the presented
algorithm are analyzed under various network topology, communication range and signal noise. The sim-
ulation results show the high efficiency of the proposed algorithm in terms of location estimation error.
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1. Introduction

Wireless sensor networks (WSN) have received extensive inter-
est lately as a promising technology in many applications of wire-
less communications, containing manufacturing [1], health caring
[2], environment monitoring and forecasting [3], habitat monitor-
ing and tracking. The location of nodes in WSNs plays an impor-
tant role in most application fields. In addition, knowing the rel-
ative locations of sensors makes use of location-based addressing
and routing protocols, which can improve network robustness and
energy-efficiency effectively. Therefore, sensor nodes localization is
one of the fundamental issues in the implementation of WSNs. In
the large scale of sensor networks, even though some sensor nodes
could be equipped with a global positioning system(GPS) to pro-
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vide them with their absolute position, this is currently a costly
solution or impossible solution to some indoor cases. Therefore, it
is often assumed that the positions of some nodes are known ex-
actly, so that it is possible to find the absolute positions of the
remaining nodes in the WSNs through the known locations of sen-
sor nodes and the measurement data. The main task of WSNs lo-
calization algorithm is to determine the positions of sensor nodes
in a network given incomplete and disturbed by noise. Locating
the unknown nodes in a wireless system involves the collection
of location information from radio signals traveling between the
unknown nodes and a number of reference anchor nodes(anchors).
There are many classical positioning techniques, including the an-
gle of arrival(AOA) [4-6], the received signal strength(RSS) [7-9],
or time of arrival(TOA) [10-12], which can be all used to deter-
mine the location of unknown nodes. The AOA technique uses the
angles between the unknown node and a number of anchors to es-
timate the location of the unknown nodes, the RSS estimates the
received signal strength, and the time-based approaches measure
the arrival time of the received signal, respectively.
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Though many traditional localization methods can reach a high
localization accuracy, they are not suitable for dealing with large
scale sensor networks due to lot of time and material cost. Re-
cently, in order to handle these noisy measurements and time con-
sumption, several algorithms making use of kernel-based machine
learning have been proposed for locating sensor nodes with inac-
curate measurement in WSNs. Some different measurement meth-
ods about the sensor communication with each other are pre-
sented in [7]. A graph embedding localization algorithm for WSNs
is introduced in [13], which views the sensor nodes as a group of
distributed devices to construct a graph to preserve the topological
structure of the sensor networks, and employs an appropriate ker-
nel function to measure the dissimilarity between sensors. A kernel
isometric mapping(Klsomap) algorithm is used to determine the
relative locations of sensors based on geodesic distance [14] and
a semi-supervised Laplacian regularized least squares algorithm is
presented in [15] using the alignment criterion to learn an ap-
propriate kernel function. In addition, a semi-supervised manifold
learning is used to estimate the location of mobile nodes in the
WSNs [16].

Most kernel-based localization algorithms can capture the non-
linearity of the measured data due to the nonlinear property of the
kernel function. However, they cannot deal with the sensibility of
measurement parameters. In order to overcome the shortcoming of
the sensitive to the neighborhood parameters, a robust localization
method with ensemble-based manifold learning is introduced in
[17], and a local patches alignment embedding localization is pro-
posed in [18]. However, a main drawback of many manifold learn-
ing methods is that they learn the low-dimensional output data
samples implicitly. We cannot obtain an explicit mapping relation-
ship from the input data manifold to the output embedding af-
ter the training process. Therefore, in order to obtain the physical
locations of new coming samples, the learning procedure has to
be extremely time consuming for sequentially arrived localization
data. Although some methods based on linear projection have been
proposed to get an explicit mapping, the linearity assumption may
still be too restrictive. Meanwhile, the kernel embedding meth-
ods have been also proposed to give nonlinear but implicit map-
pings for manifold learning localization [19-21]. In addition, be-
cause these mappings are computed within a subset of the feature
space rather than the whole feature space itself and are given in
terms of the kernel and the training data samples explicitly, their
computational process would be quite complicated for large-scaled
sensor networks.

In this paper, a new graph embedding algorithm with poly-
nomial mapping (GEPM) is proposed for locating unknown nodes
in WSNs, especially to the new coming nodes. Firstly, location
data based on pair-wise distance is obtained by the geodesic dis-
tance measurement. Consequently, in order to solve the problem
of the sparse structure of the sensor networks and the sensitive
to neighborhood parameters easily, we can construct a graph to
represent the topological structure of the sensor networks and cal-
culate the weight matrix and the sparse preserving matrix. And
then, an eigenvalue function can be obtained by the polynomial
mapping based on spectral embedding optimization problem. Let-
ting some eigenvectors corresponding to the smallest eigenvalues
of function be the polynomial coefficients, the relative locations
of all sensor nodes can be obtained based on Rayleigh-Ritz the-
orem. At last, by the coordinate transformation, we can get final
physical locations of all unknown nodes. Meanwhile, for the new
coming unknown nodes, we can easily obtain the geodesic dis-
tance between them with the datum nodes. Based on the graph
theorem, the relative coordinates and physical coordinates can
be calculated simply. Compared with linear projection methods
and kernel-based nonlinear mapping methods, the presented al-
gorithm gives more accurate embedding and out-of-sample exten-

sion results and, meanwhile, is very fast in locating new coming
samples.

The main features of the proposed locating method are given as
follows.

» The geodesic distance matrix is used to construct the neigh-
bor graph of the WSNs, which reduces the influence of noise in
the measurement and receives high accurate location estima-
tion, even with error-prone distance information. In addition,
the datum nodes are selected to determine the geodesic dis-
tance vector, i.e., the high dimensional localization data, based
on the geodesic distance matrix. Comparing with some previ-
ous manifold learning localization methods, it is to further re-
duce the computational complexity and enhance the precision
of the solution in our approach. The detailed analysis is given
in Section 4.4.

The embedding mapping is nonlinear and the high dimensional
data space is considered as a nonlinear manifold. Comparing
with the linear projection-based methods, the proposed map-
ping provides a nonlinear polynomial mapping from the high
dimensional localization data space to the low dimensional rep-
resentation space. Therefore, it is more reasonable to use a
polynomial mapping to handle data samples lying on nonlin-
ear manifolds. Meanwhile, the proposed localization method is
suitable to the large scale WSNs and has high localization ac-
curacy.

The mapping can be straightforward to locate any new sen-
sor nodes participating the WSNs. It is different from the tradi-
tional manifold learning localization methods such as MDS, SDP,
SVM, and ISOMAP, which are not clear how new localization
data sample can be embedded in the low dimensional space
for the implicit mapping. Meanwhile, in contrast to the explicit
manifold learning algorithm such as KLPP and S2LapRLS, the
proposed localization method has a lower computational com-
plexity and is fast and efficient in finding the low dimensional
representations of new localization data even for vary lager
data sets.

The influence of the datum nodes to the localization accuracy
is analyzed in detail based on the RMS error under different
anchors, communication range and noise standard deviation for
WSNs. Finally, the optimal selection of the datum nodes is first

given by mep = [~3 + /2N + §] with g = 2 for different sensor
nodes and interested localization area. The detailed analysis and
experiments are given in Section 4.1.

The rest of this paper is organized as follows. The localiza-
tion problems, containing graph construction, original nodes loca-
tion and new coming data calculation, are presented in Section 2.
Section 3 presents the main contribution of this paper about the
sensor nodes location estimation algorithm based on the graph
embedding theorem with polynomial mapping. The extensive sim-
ulation results are described in Section 4. Finally, some concluding
remarks and future works are given in Section 5.

2. Localization problem statement

Let us consider a p-dimensional(pD) localization problem in
WSNs consisting of N sensor nodes in an interesting area C C
RP(p =2 or 3). Without loss of generality, we assume that the
first n sensors are anchors, and the rests are unknown nodes. At
the same time, we select the first m(p < m) sensor nodes as da-
tum nodes. The locations of anchors can be obtained by location
equipments, e.g., global positioning system, while the unknown
nodes need to be measured by the anchors and localization data.
Let p; be the ith sensor node whose coordinate is expressed as
(p”,...,ppi)T, i=1,2,...,N, and every sensor node can transmit
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