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a  b  s  t  r  a  c  t

The  saturated  OF  control  problem  for a class  of  four-state  anaerobic  digesters  with  volatile  fatty  acids
(VFAs)  measurement  is addressed.  The  reactor  must  operate  about an  optimal  steady-state,  with  max-
imum VFA  consumption  that  is  locally  open-loop  stable  but  not  necessarily  structurally  stable.  The
problem  is  addressed  as  an  interlaced  control-observer  design  in the  light  of  passivity,  observability,
and bifurcation  properties.  The  result  is a  saturated  linear  PI controller  with: (i) systematic  construction
and  tuning  and  (ii)  nonlocal  robust  stability  conditions  in  terms  of control  gains  and limits.  The  proposed
approach  is illustrated  with  a representative  case  example  through  numerical  simulations,  including  a
comparison  with  the  switching  control  approach.
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1. Introduction

Anaerobic digestion (AD) processes are known to yield better
overall performance when compared to aerobic processes, espe-
cially for wastewater treatment. This is due to its low initial and
operating costs, short hydraulic retention times, low sludge pro-
duction, and high organic load removal combined with energy
benefit by biogas production. However, its widespread application
has been limited because of the complexity of the process, and the
difficulty of the associated control problem.

The AD is intrinsically a potentially unstable process. Varia-
tions on the input variables (hydraulic flowrate, influent organic
load) may  easily lead to washout operation [2–7], a phenomenon
that takes place under volatile fatty acids (VFA) accumulation,
decreasing the pH and leading to bioprocess breakdown. The
control problem is further hindered by the lack of on-line mea-
surements of key variables, constrained inputs, and model error of
the growth rate function [5].

Basically the open-loop dynamics of AD processes has been
studied by combining local stability analysis (in sufficiently small
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neighborhoods of the steady-states) with simulation-based multi-
plicity and transient assessments. According to these results [6]:
(i) there are up to six steady states (SSs) with up to four possi-
ble washout SSs, (ii) there are no limit cycles, and (iii) the optimal
(with respect to VFA consumption) SS is a local attractor accompa-
nied by four washout SSs (three saddle repulsors and one attractor).
Eventhough these results provide valuable insight on the AD reac-
tor four-state open-loop dynamics, some fundamental questions
for process and control design still remain open: (i) the character-
ization of the geometry of global open-loop dynamics, including
robust stability in the sense of structural stability [8,9], and (ii)
its consideration in the control design problem, with emphasis in
nonlocal robustly stable closed-loop functioning over a delimited
domain of attraction of the nominal SS. By structural instability
it is meant qualitative changes in the geometry of the dynam-
ics with changes in the system parameters, including appearance
or disappearance of steady-states and/or limit cycles. From previ-
ous two  [10] and three [11] state bioreactor studies with Haldane
inhibited kinetics, it is known that: (i) open and closed-loop struc-
tural instability (with undesired washout SS attractors) and can
be induced by changes in exogenous inputs, kinetics parameters
and control gains, as well as control saturation, and (ii) conse-
quently the nonlocality and structural stability properties play key
roles in the solution of the robustly stabilizing saturated control
problem.

The AD reactor Output-Feedback (OF) control problem has
been addressed with several nonlocal-nonlinear approaches:
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detailed model-based time-optimal bang–bang [12,13], uncon-
strained robust [14], high-gain observer-based saturated [15],
and saturated PI [16] control. These studies provide perspective
on the complex saturated OF control problem of AD reactors,
but the proposed controllers rise various applicability-oriented
complexity and reliability concerns among practitioners: the
strong nonlinearity and model dependency of the controllers,
the lack of simple tuning guidelines, and the absence of non-
local robust stability assurance. This in the understanding that
the closed-loop AD bioreactor must operate in the presence of
unmeasured time-varying feed substrate concentration distur-
bances, and that any advanced model-based OF controller inherits
the modeling error of the bioreaction growth rate functions
[2].

Industrial PI controllers have reduced model dependency, low
development and maintenance costs, and yield good perfor-
mance for nonlinear processes [17]. It is still an open question
whether an anaerobic digester can be robustly and non-locally
controlled through saturated PI control with anti-windup pro-
tection. In recent two and three-state bioreactor studies [10,11]
it has been shown that: (i) the open-loop locally asymptoti-
cally stable (LAS) but structurally unstable equilibrium point of
maximum biomass production rate can be robustly stabilized
using a saturated PI controller with observer-based anti-windup
protection, and (ii) the rather model-independent PI controller
recovers (up-to observer convergence) the behavior of an exact
model-based nonlinear saturated State-Feedback (SF) controller
equivalent to an infinite-horizon nonlinear Model-Predictive Con-
trol (nMPC) without saturation. These results exploited: (i) the
fundamental connection between robustness, passivity and opti-
mality [18], and their relationship with the constrained control
problem [19], and (ii) the idea of tailoring a model for control
design in the light of passivity and observability [10,11]. These
considerations motivate the present study on the development
of a saturated PI control for the nonlocal robustly stable regula-
tion of a four-state AD bioreactor at maximum VFA consumption
operation.

In this study the saturated OF control problem for a class of
four-state anaerobic digesters with volatile fatty acids (VFAs) mea-
surement and steady-state operation at its (possibly structurally
unstable) optimal steady-state (of maximum VFA consumption) is
addressed. The objectives are the design of a controller as sim-
ple as possible in terms of nonlinearity and model dependency,
and the attainment of closed-loop robust stability with preclusion
of undesired washout SS attractors induced by control saturation.
The technical difficulty resides in the extension to the four-state
two-reaction AD bioreactor case (with Monod and Haldane kinet-
ics) of the above mentioned control approach for two [10] and
three [11]-state single-reaction bioreactors (with Haldane kinet-
ics). The problem is addressed as an interlaced control-observer
design within a global nonlinear dynamics framework in the light of
passivity, observability, and bifurcation properties. First, the geom-
etry of the global nonlinear open-loop dynamics is characterized.
Then, the saturated nonlinear state-feedback robust control prob-
lem is addressed on the basis of the detailed reactor model. Finally,
the behavior of this controller is recovered with an OF controller
built with a simplified model tailored according to passivity and
observability properties. The result is a saturated linear PI con-
troller with: (i) nonlocal robust stability conditions for control gains
and limits, (ii) antiwindup protection, (iii) systematic construction,
and (iv) conventional-like gain tuning. The proposed methodol-
ogy is connected with standard PI as well as detailed model-based
advanced nonlinear bang–bang and MP  control approaches, and
illustrated with a representative case example through numerical
simulations, and compared with minimum time bang–bang con-
trol.

2. Control problem

2.1. Continuous anaerobic digester

Consider a continuous anaerobic digester with volume V, where
organic substrate (S1) and volatile fatty acid (VFA) (S2) are fed at vol-
umetric rate F, with bounded from above and below time-varying
mass concentrations (S1f and S2f),

S−
f 1 ≤ Sf 1(t) ≤ S+

f 1, S−
f 2 ≤ Sf 2(t) ≤ S+

f 2 (1)

and converted into acidogenic (B1) and methanogenic (B2) biomass
according to the reaction scheme

ˇ1S1
K1−→ˇ12S2 + B1, ˇ2S2

K2−→CH4 + B2, (2)

the reaction rates

K1(S1, B1) = M1(S1)B1, K2(S2, B2) = M2(S2)B2,

M1(S1) = K01S1

S1 + Ks1
, M2(S2) = K02S2

S2
2/KI + S2 + Ks2

the flow dilution (D) and VFA consumption (P) rates, and the on-line
VFA concentration measurement (Y)

D = F

V
, P = F(Sf 2 − S2), Y = S2.

Here, ˇ1, ˇ12, and ˇ2 are the stoichiometric coefficients, M1 (or M2)
is the acidogenic (or methanogenic) Monod (or Haldane) biomass
growth rate function with mass action K01 (or K02), substrate
saturation Ks1 (or Ks2), and substrate inhibition Ki constant. M1
(or M2) depends isotonically (or non-isotonically) on the organic
substrate (or VFA) concentration S1 (or S2). The case of biogas pro-
duction measurement Y = K2(S2, B2) can be addressed with the same
approach.

Denoting by ta the actual time, in dimensionless variables

s1 = S1

S1
, s2 = S2

S2
, b1 = B1

B1
, b2 = B2

B2
,

t = taD, d = D

D
, y = Y

S2
, p = P

DS2
,

with respect to nominal steady-state values (Si=1,2, Bi=1,2, D) the
AD bioreactor dynamics are given by

ṡ1 = d(sf 1 − s1) − ˛1�1(s1)b1, s1(0) = s10,

ḃ1 = −db1 + �1(s1)b1, b1(0) = b10,

ṡ2 = d(sf 2 − s2) + ˛12�1(s1)b1 − ˛2�2(s2)b2), s2(0) = s20,

ḃ2 = −db2 + �2(s2)b2), b2(0) = b20,

y  = s2, p = d(sf 2 − s2), s−
f  1

≤ sf 1(t) ≤ s+
f  1
, s−

f  2
≤ sf 2(t) ≤ s+

f 2
,

(3)

where

˛1 = ˇ1
B1

S1
, ˛12 = ˇ12

B1S1

S2
, ˛2 = ˇ1

B2

S2

�1(s1) = k01s1
s1 + ks1

, �2(s2) = k02s2
s22/kI + s2 + ks2

,

k0i =
K0i

D
, ksi =

Ksi

Si
, kI = KI

S2
.

(4)

In vector notation, the bioreactor control system (3) is written
as follows:

ẋ = f [x, d, sf ], x(0) = x0,

y = cyx = s2, z = czx = s2, x ∈ XO ⊂ R
4, d ∈ U = [d−, d+] ⊂ R,

(5)
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