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a b s t r a c t

In this paper, for investigating a boundary value problem for a nonlinear biharmonic
equation of Kirchhoff type, we propose an efficient approach by the reduction of the
problem to an operator equation for the nonlinear part of the equation. The result is that
we have established the existence and uniqueness of a solution under some easily verified
conditions. Also, we propose an iterative method for finding the solution. Some examples
demonstrate the applicability of the theoretical results and the efficiency of the iterative
method.

© 2018 Elsevier Ltd. All rights reserved.

1. Introduction

In the paper, we consider the following nonlinear biharmonic boundary value problem (BVP):

∆2u = M
(∫

Ω

|∇u|2dx
)
∆u + f (x, u), x ∈ Ω,

u = 0, ∆u = 0, x ∈ Γ ,

(1.1)

where Ω is a connected bounded domain in RK (K ≥ 2) with a smooth boundary Γ , ∆ is the Laplace operator, ∆2 is the
biharmonic operator, ∇u is the gradient of u, f : Ω × R → R and M : R+

→ R are continuous functions. This problem
describes the nonlinear static deflection of an elastic plate.

In one-dimensional case (K = 1), by using variational methods and some fixed point theorems in cones, the existence
and multiplicity results for the problem for Eq. (1.1) with other boundary conditions are considered (see e.g. [1–4]). For a
particular case, when M(t) = t and f = f (x) in [5] the authors studied the existence and uniqueness of a solution and
proposed an iterative method for finding the solution.

In the multi-dimensional case K > 1, also by using the variational methods, many authors studied the existence and
multiplicity of nontrivial solutions of the problem (1.1)(in the both cases when M is a constant or not) (see e.g. [6–10]). It
should be noticed that in the listed works, the function f (x, u) is assumed with very strong assumptions, and there are no
examples of solutions to verify theoretical results of their existence. Below we mention two typical works of them.

The first work is of Hu and Wang [7] concerned with the case whenM is a constant function, namely, the problem

∆2u + c∆u = f (x, u), x ∈ Ω,

u = 0, ∆u = 0, x ∈ Γ ,
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where the space dimension K > 4, c < λ1, λ1 is the first eigenvalue of −∆ in H1
0 (Ω). By using a variant version of the

mountain pass theorem they established the existence of nontrivial solutions for the problem under the assumption that
the function f (x, u) satisfies the following two kinds of hypotheses:

(A1) f (x, t) ∈ C(Ω × R); f (x, t) ≥ 0,∀x ∈ Ω, t > 0; f (x, t) ≡ 0,∀x ∈ Ω, t ≤ 0;
(A2) limt→0+

f (x,t)
t = p(x), limt→+∞

f (x,t)
t = l uniformly a.e. x ∈ Ω, where 0 ≤ p(x) ∈ L∞(Ω), ∥p(x)∥∞ < Λ1 and

Λ1 < l < +∞;Λ1 is the first eigenvalue of (∆2
+ c∆,H2(Ω) ∩ H1

0 (Ω))

or

(B1) f (x, t) ∈ C(Ω × R); f (x, 0) = 0,∀x ∈ Ω; f (x, t)t ≥ 0,∀(x, t) ∈ (Ω × R);
(B2) limt→0+

f (x,t)
t = p(x), limt→+∞

f (x,t)
t = l uniformly a.e. x ∈ Ω,where 0 ≤ p(x) ∈ L∞(Ω), ∥p(x)∥∞ < Λ1,Λ1 < l < +∞

and l is not any of the eigenvalue of (∆2
+ c∆,H2(Ω)∩H1

0 (Ω));Λ1 is the first eigenvalue of (∆2
+ c∆,H2(Ω)∩H1

0 (Ω)).

In the caseM is not a constant function, in [10], the authors studied the existence of a positive solution for the problem (1.1).
There it is assumed that

(H1) M(t) is continuous and satisfies

M(t) > m0, ∀t > 0,

for somem0 > 0. In addition, there existm′ > m0 and t0 > 0 such that

M(t) = m′, ∀t > t0;

(H2) f (x, t) ∈ C(Ω × R); f (x, t) ≡ 0,∀x ∈ Ω, t ≤ 0; f (x, t) ≥ 0,∀x ∈ Ω, t > 0;
(H3) |f (x, t)| ≤ a(x) + b|t|p,∀t ∈ R and a.e. x ∈ Ω , where a(x) ∈ Lq(Ω), b ∈ R and 1 < p < K+4

K−4 if K > 4 and 1 < p < ∞

if K ≤ 4 and 1
p +

1
q = 1;

(H4) f (x, t) = o(|t|) as t → 0 uniformly for x ∈ Ω;
(H5) There exists a constantΘ > 2, R > 2 such that

ΘF (x, s) ≤ sf (x, s), ∀|s| ≥ R,

where F (x, s) =
∫ s
0 f (x, t)dt.

It should be emphasized that the above mentioned works are of pure theoretical character. In these works the authors
only proved the existence of solutions without examples of existing solutions.

In this paper, based on our idea in a previous paper [11] when studying the Neumann problem for a biharmonic type
equation, we reduce the problem (1.1) to an operator equation for the right-hand side function. The idea of the reduction
of boundary value problems for nonlinear fourth order differential equations were used by ourselves in the recent works
[12–14]. Here, we prove that under some assumptions, which are easily verified, imposed on the functions f and M , the
operator is contractive. This ensures the existence and uniqueness of a solution for the original boundary value problem. Also,
we establish the convergence of an iterative method for solving this problem. Some examples demonstrate the applicability
of the obtained theoretical results and numerical experiments show the effectiveness of the iterative method.

2. Existence results

To investigate the problem (1.1) we shall associate it with a fixed point problem as follows.
For functions ϕ(x) ∈ C(Ω) consider the nonlinear operator defined by

(Aϕ)(x) = M
(∫

Ω

|∇u|2dx
)
∆u + f (x, u), (2.1)

where u(x) is a solution of the problem

∆2u = ϕ(x), x ∈ Ω,

u = ∆u = 0, x ∈ Γ .
(2.2)

Proposition 2.1. A function ϕ(x) is a fixed point of the operator A, i.e., ϕ(x) is a solution of the operator equation

Aϕ = ϕ, (2.3)

where A is the operator defined above, if and only if the function u(x) determined from the boundary value problem (2.2) satisfies
the problem (1.1)
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