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1. Introduction

Recently, Xu et al. [ 1] considered the following diffusive vaccination model with nonlinear incidence:

Se(x, t) = d1AS(x, t) + A — o Bif(I(x, £))S(x, ) — (. + y)S(x, ),
Vilx, t) = dy AV(x, t) + yS(x, t) — o Bof (I(x, £))V(x, t) — uV(x, t), (1.1)
I(x, t) = d3Al(x, t) + o B1f (I(x, £))S(x, t) + o Bof (I(x, E))V(x, t) — ul(x, t),

forx € £,t > 0.Here S(x, t), V(x, t) and I(x, t) represent the number of compartments of susceptible, vaccinated and
infectious individuals at position x and time ¢, respectively. £2 is a connected, bounded domain in R" with smooth boundary
d52. A is the Laplacian operator, and d; > 0 (i = 1, 2, 3) are the diffusion rates. The parameters A, o, 81, 1, y and B, are
positive constants. The function f(I) = %

1
The initial conditions of system (1.1) are

S(x,0) =Sp(x) >0, V(x,0)=Vo(x)>0, I(x,0)=1Ip(x)>0, Vxeg, (1.2)
and the Neumann boundary conditions are

§(x, t)= 8—V(x, t)= ﬂ(x, t)=0, xe€0d2,t>0, (1.3)
av av av
where % denotes the outward normal derivative on 952.
According to the threshold value R, Xu et al. [ 1] established the results of the global stability of all equilibria for system
(1.1). Furthermore, they studied the existence and nonexistence of traveling wave solutions of system (1.1). However,
McCluskey and Yang [2] pointed out that the Lyapunov functional for the interior equilibrium may not be defined when
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the state variables are zero or close to zero. Thus, it is necessary to discuss the uniform persistence to ensure the Lyapunov
functionals are well-defined. Notice that Xu et al. [ 1] did not discuss the uniform persistence of system (1.1)-(1.3). Hence,
in this paper, we further investigate the uniform persistence and local stability of equilibria of system (1.1)-(1.3) as a
supplement of Xu et al. [1].

This paper is organized as follows. In Section 2, we give some previous results from Xu et al. [ 1]. In Section 3, we establish
the local stability of all equilibria. In Section 4, we explore the uniform persistence. Conclusions can be found in Section 5.

2. Preliminary results

In this section, we give some results from Xu et al. [ 1]. System (1.1) admits a disease-free equilibrium Ey(S°, V°, 0), where

A VO — Ay
nty’ i +y)
The basic reproduction number of system (1.1) is

_ pioa B0 Ay
wu+y)  wAu+y)

When Rg > 1, system (1.1) has a unique disease equilibrium E*(S*, V*, I*), where
_ A(1+1%) . Ay(1+1*)
S oBlF A+ (p YA+ @B+ (e Y )TN0 Bl 4 (1 + 1))
and I* is a real positive root of the following equation:

S0 =

*

ay(I*)* + aiI* + ag = 0,

where

—u(1? + puy +*Bifr + o Bi + yo fa + 1o Ba),
(0*B1B2 + voBa + noBi)A — u(2uy + o i + 2u° + po By + yo Ba),
= (Bin+ oy )o A — P+ y).

LetX := C(£2, R®) be the Banach space with the supremum norm ||- | x. Define X* := C(£2, R%), then (X, X *)is a strongly
ordered space.

ap

a

Theorem 2.1. For any given initial data ¢ € X, system (1.1)-(1.3) has a unique solution u(-, t, ¢) on [0, +00), and further the
solution semiflow @(t) := u(-, t) : X* — X, t > 0, has a global compact attractor in X+,
Theorem 2.2.

(i) If Ro < 1, then the disease-free equilbrium Eq of system (1.1) is globally asymptotically stable;
(ii) If Ro > 1, then the disease equilibrium E* of system (1.1) is globally asymptotically stable.

3. Local stability
In this section, we discuss the local stability of equilibria for system (1.1). We have the following results.

Theorem 3.1.

(i) When Ro < 1, the disease-free equilibrium Eg of system (1.1) is locally asymptotically stable;
(ii)) When Ro > 1, the disease equilibrium E* of system (1.1) is locally asymptotically stable.

Proof. Linearizing system (1.1) at Ey, we get
dZ(x, t)
ot
where D = diag(d;, d;, d3) and
—(u+y) 0 —0p:S°
B = % —u —0‘,32‘/0
0 0 0B +0BVe—pn

Thus, we can obtain the following characteristic polynomial

= DAZ(x,t)+ B1Z(x, t),

|Al +DP — B3| = 0,
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