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a b s t r a c t

We investigate the influence of boundary dissipation on the decay property of the solutions
for a von Karman plate equation with a memory condition on one part of the boundary.
Dropping the condition u0 = 0 on one part of the boundary, we show a general stability
result for the equation via setting modified energy functionals which are equivalent to the
energy of the equation and using some properties of convex functions. This result allows a
wider class of relaxation functions and improve earlier results of Mustafa and Abusharkh
(2015) and Park and Park (2005).
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1. Introduction

Let Ω ⊂ R2 be a bounded domain with smooth boundary ∂Ω := Γ , Γ0 and Γ1 have positive measures and satisfy
Γ0 ∪ Γ1 = Γ , Γ0 ∩ Γ1 ̸= ∅, and x = (x1, x2). Let us denote the external unit normal vector on Γ by ν = (ν1, ν2) and the
corresponding unit tangent vector by τ = (−ν2, ν1).

We investigate the following von Karman plate equation with a memory condition on a part of the boundary:

utt (x, t) + ∆2u(x, t) = α[u(x, t), F (u(x, t))] in Ω × (0, ∞), (1.1)

∆2F (u(x, t)) = −[u(x, t), u(x, t)] in Ω × (0, ∞), (1.2)

F (u(x, t)) =
∂F (u(x, t))

∂ν
= 0 on Γ × (0, ∞), (1.3)

u(x, t) =
∂u(x, t)

∂ν
= 0 on Γ0 × (0, ∞), (1.4)

∂u(x, t)
∂ν

+

∫ t

0
g1(t − s)B1u(x, s)ds = 0 on Γ1 × (0, ∞), (1.5)

u(x, t) −

∫ t

0
g2(t − s)B2u(x, s)ds = 0 on Γ1 × (0, ∞), (1.6)

u(x, 0) = u0(x), ut (x, 0) = u1(x) in Ω, (1.7)

where α > 0, the von Karman bracket [w, φ] is given by

[w, φ] ≡ wx1x1φx2x2 + wx2x2φx1x1 − 2wx1x2φx1x2 ,

B1u = ∆u + (1 − µ)B1u,B2u =
∂

∂ν
∆u + (1 − µ)B2u,
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here

B1u = 2ν1ν2ux1x2 − ν2
1ux2x2 − ν2

2ux1x1 ,

B2u =
∂

∂τ
[(ν2

1 − ν2
2 )ux1x2 + ν1ν2(ux2x2 − wx1x1 )],

and the constant µ, 0 < µ < 1/2, represents Poisson’s ratio.
When α = 0 in problem (1.1)–(1.7), Santos and Junior [1] showed existence of the solutions and an exponen-

tial(polynomial) energy decay rate under the conditions

ki ∈ C2(R+), ki(0) > 0, k′

i(t) ≤ −c1ki(t), k′′

i (t) ≥ −c2k′

i(t), i = 1, 2, (1.8)

where ki denotes the resolvent kernel of −
g ′
i

gi(0)
and ci is positive constant. Mustafa and Abusharkh [2] extended the results

in [1] by considering general decay rates of the energy for the same problem under the generalized conditions

ki(0) > 0, lim
t→∞

ki(t) = 0, k′

i(t) ≤ 0, k′′

i (t) ≥ H(−k′

i(t)), (1.9)

where H is a positive function, which is linear or strictly increasing and strictly convex of class C2 on (0, r], r < 1, with
H(0) = 0. Although this allows a wider class of relaxation functions and generalizes existing results in the literature, they
imposed some conditions on the initial data such as u0 ≡ 0 on a part of the boundary Γ in order to get the desired result.

When α ̸= 0, Park and Park [3] proved existence of the solution and an exponential decay rate of the energy under the
assumption (1.8). They gave some restriction on α to overcome the difficulty generated by geometry conditions and the
von Karman bracket α[u, F (u)]. In the case α ̸= 0, problem (1.1)–(1.3) becomes von Karman plate equations. Existence,
regularity, energy decay, and attractor for von Karman plate equations were considered by many author (see e.g. [4–8]). For
von Karman plate equations of memory type, we refer readers to [3,9–15] and references therein.

On the other hand, Chen et al. [16] considered a transmission problem for degenerate equation with boundary memory
conditions under the assumption (1.9). They established a general decay result by dropping some conditions imposed on
initial data u0. Inspired these works, we consider a general decay of the energy for problem (1.1)–(1.7) when the resolvent
kernel ki satisfies (1.9) and the initial data u0 is not imposed the hypothesis u0 = 0 on a part of the boundary. To get our
desired result, we use the idea given in [2,16,17] with some necessary modification due to the nature of the problem treated
here. It is worth to mention that many authors have been interested in investigating general decay results by weakening
conditions of the kernel functions. For the related problems, we also refer [3,18–22] and references therein.

The plan of this paper is as follows. In Section 2, we give some notations and material needed for our work. In Section 3,
we derive general decay estimates of the energy.

2. Preliminaries

In this section, we present some material needed in the proof of our results. Throughout this paper, we denote

(w, φ) =

∫
Ω

w(x)φ(x)dx, (w, φ)Γ1 =

∫
Γ1

w(x)φ(x)dΓ ,

and define

W := {w ∈ H2(Ω) : w =
∂w

∂ν
= 0 on Γ0},

W̃ := {w ∈ H2(Ω) : w =
∂w

∂ν
= 0 on Γ1}.

Let us denote ∥·∥X the norm of a Banach space X . For brevity, we denote ∥·∥L2(Ω) and ∥·∥L2(Γ1) by ∥·∥ and ∥·∥Γ1 , respectively.
The integration by parts gives [23]

(∆2w, φ) =

∫
Ω

a(w, φ)dx − (B1w,
∂φ

∂ν
)Γ + (B2w, φ)Γ , (2.1)

where the bilinear symmetric form a(w, φ) is given by

a(w, φ) = wx1x1φx1x1 + wx2x2φx2x2 + µ(wx1x1φx2x2 + wx2x2φx1x1 ) + 2(1 − µ)wx1x2φx1x2 .

Because Γ0 ̸= ∅, we know (see [5]) that
∫

Ω
a(w, w)dx is equivalent to the H2(Ω) norm on W , that is, there exists ci > 0,

i = 1, 2, satisfying

c1∥w∥
2
H2(Ω) ≤

∫
Ω

a(w, w)dx ≤ c2∥w∥
2
H2(Ω). (2.2)
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