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a b s t r a c t

This paper intends to make an in-depth study on the symmetry properties and conser-
vation laws of the (2 + 1) dimensional time fractional Zakharov–Kuznetsov–Benjamin–
Bona–Mahony (ZK–BBM) equation with Riemann–Liouville fractional derivative. Symme-
try properties have been investigated here via Lie symmetry analysis method. In view of
Erdélyi-Kober fractional differential operator, the reduction of (2 + 1) dimensional time
fractional ZK–BBM equation has been done into fractional ordinary differential equation.
To analyse the conservation laws, new theorem of conservation law has been proposed
here for constructing the new conserved vectors for (2 + 1) dimensional time fractional
ZK–BBM equation with the help of formal Lagrangian.

© 2017 Elsevier Ltd. All rights reserved.

1. Introduction

We have considered here the (2 + 1) dimensional time-fractional ZK–BBM equation [1–3] in following form:

Dα
t u + ux + 2auux + b(uxt + uyy)x = 0, (1.1)

where 0 < α ≤ 1, a and b are constants.
The Zakharov–Kuznetsov–Benjamin–Bona–Mahony (ZK–BBM) equation is defined as the regularized longwave equation,

whichwas initially derivedunder the assumption of smallwaterwave amplitudeu(x, y, t) having largewavelength [4]. It also
describes thewavewater phenomenawithin the largewavelength limit and one special case of nonlinear reaction–diffusion
equation known as the generalized Fisher equation. The ZK–BBM equation provides the description of gravity water waves,
which is unidirectional propagation of long waves in certain nonlinear dispersive systems, propagates in the long-wave
regime. Many observable physical phenomena like interaction of solitary waves and shock waves have been described by
ZK–BBM equation [2,4].

Many researchers have tried in past to find the analytical solution of ZK–BBM equation. The methods like sine–cosine
method [5], fractional sub-equation method [6,7], first integral method [8], Exp-function method [9], homotopy analysis
method [10], modified simple equation method [11], exponential rational function method [12] have been used for finding
the analytical solution of ZK–BBM equation.

The purpose of this paper is to use Lie symmetry analysis method [13–23] to obtain the similarity solutions and
new conservation laws [24–26] of the (2 + 1) dimensional time fractional ZK–BBM equation. By using new theorem of
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conservation law, we have constructed the new conserved vectors for (2+1) dimensional time fractional ZK–BBM equation
with the help of formal Lagrangians.

The remainder of this paper is organized as follows: some theory of Riemann–Liouville derivative and the algorithm of
the Lie symmetry method have been presented in Section 2 and Section 3 respectively. In Section 4, by using the proposed
method, we discuss the symmetry analysis of Eq. (1.1). In Section 5, by using similarity variables, the reduction equations
have been obtained and then solving some reduction equations, we obtain the similarity solutions of Eq. (1.1). Conservation
laws of Eq. (1.1) have been discussed in Section 6. A brief conclusion is presented in Section 7.

2. Riemann–Liouville derivative

The fractional order Riemann–Liouville derivative of order α(>0) is defined as [27,28]

Dα
t f (t) =

⎧⎪⎪⎨⎪⎪⎩
1

Γ (m − α)

dm

dtm

∫ t

0
(t − τ)(m−α−1)f (τ ) dτ if m − 1 < α < m,m ∈ N,

dmf (t)
dtm

if α = m, m ∈ N,

(2.1)

and it has following property

Dαtγ =
Γ (γ + 1) tγ−α

Γ (γ − α + 1)
γ > α − 1. (2.2)

3. The general procedure of Lie symmetry analysis method for solving fractional partial differential equations

In this section, we carry out the brief detail of fractional Lie symmetry analysis for determining the symmetries for
fractional nonlinear partial differential equations (FNPDEs).

Let us consider a FNPDE in the following form:

Dα
t u = F (x, y, t, u, ux, uy, uxt , uxy, uyt , . . .). (3.1)

We now consider Eq. (3.1) is invariant under following one-parameter Lie group infinitesimal transformations acting on
both the dependent and independent variables, given as

x̃ → x + εξ (x, y, t, u) + O(ε2),
ỹ → y + εζ (x, y, t, u) + O(ε2),
t̃ → t + ετ (x, y, t, u) + O(ε2),
ũ → u + εη(x, y, t, u) + O(ε2),
Dα
t ũ → Dα

t u + εη0
α(x, y, t, u) + O(ε2),

∂ ũ
∂x

→
∂u
∂x

+ εηx(x, y, t, u) + O(ε2),

∂ 3̃u
∂̃x2∂̃t

→
∂3u

∂x2∂t
+ εηxxt (x, y, t, u) + O(ε2),

∂ 3̃u
∂̃x∂ ỹ2

→
∂3u

∂x∂y2
+ εηxyy(x, y, t, u) + O(ε2)

. . . (3.2)

where ε ≪ 1 is a group parameter and ξ, ζ , τ , η are the infinitesimals of the transformations for the dependent and
independent variables respectively. The explicit expressions of ηx, ηxxt and ηxyy are given by

ηx
= Dx(η) − uxDx(ξ ) − uyDx(ζ ) − utDx(τ ),

ηxx
= Dx(ηx) − uxxDx(ξ ) − uxyDx(ζ ) − uxtDx(τ ),

ηy
= Dy(η) − uxDy(ξ ) − uyDy(ζ ) − utDy(τ ),

ηyy
= Dy(ηy) − uxyDy(ξ ) − uyyDy(ζ ) − uytDy(τ ),

ηxxt
= Dx(ηxt ) − uxxxDx(ξ ) − uxxyDx(ζ ) − uxxtDx(τ ),

ηxyy
= Dx(ηyy) − uxxyDx(ξ ) − uxyyDx(ζ ) − uxytDx(τ ),

. . . (3.3)

where Dx,Dy and Dt are the total differentiation with respect to x, y and t respectively, which are defined for x1 = x, x2 = y
and x3 = t as

Dxi =
∂

∂xi
+ ui

∂

∂u
+ uij

∂

∂uj
+ · · · , i, j = 1, 2, 3, . . .

and ui =
∂u
∂xi

, uij =
∂2u

∂xi∂xj
and so on.
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