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a b s t r a c t

This paper deals with a fully parabolic chemotaxis-growth systemwith singular sensitivity{
ut = ∆u − χ∇ · (u∇ ln v) + ru − µu2, (x, t) ∈ Ω × (0, ∞),
vt = ∆v − v + u, (x, t) ∈ Ω × (0, ∞),

under homogeneousNeumannboundary conditions in a smooth bounded domainΩ ⊂ R2,
where the parameters χ, µ > 0 and r ∈ R. Global existence and boundedness of solutions
to the above system were established under some suitable conditions by Zhao and Zheng
(2017). The main aim of this paper is further to show the large time behavior of global
solutions which cannot be derived in the previous work.

© 2017 Elsevier Ltd. All rights reserved.

1. Introduction

In this paper, we consider the following fully parabolic chemotaxis-growth system with singular sensitivity (see [1]):⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
ut = ∆u − χ∇ · (u∇ ln v) + ru − µu2, (x, t) ∈ Ω × (0, ∞),
vt = ∆v − v + u, (x, t) ∈ Ω × (0, ∞),
∂u
∂ν

=
∂v

∂ν
= 0, (x, t) ∈ Ω × (0, ∞),

u(x, 0) = u0(x), v(x, 0) = v0(x), x ∈ Ω,

(1.1)

where χ, µ > 0 and r ∈ R, Ω ⊂ R2 is a bounded domain with smooth boundary ∂Ω , ∂
∂ν

denotes the differentiation with
respect to the outward normal derivative on ∂Ω , and the initial data{

u0 ∈ C0(Ω), u0(x) ≥ 0 and u0(x) ̸≡ 0, x ∈ Ω, and
v0 ∈ W 1,p(Ω) for some p > 2, v0(x) > 0, x ∈ Ω.

(1.2)

Chemotaxis is an oriented movement of biological cells or organisms in response to a chemical gradient. The pioneering
works of chemotaxis models were introduced by Patlak [2] in 1953 and Keller and Segel [3] in 1970, andwe refer the readers
to the survey [4–7]where a comprehensive information of further examples illustrating the outstanding biological relevance
of chemotaxis can be found. The sensitivity function 1

v
in system (1.1) is considered by the Weber–Fechner laws describing
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the cells response to the chemical signal [8]. In order to understand system (1.1), let usmention some previous contributions
in this direction. In recent years, the following initial boundary value problems have been studied by many authors:⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

ut = ∆u − ∇ · (uχ (v)∇v), (x, t) ∈ Ω × (0, ∞),
vt = ∆v − v + u, (x, t) ∈ Ω × (0, ∞),
∂u
∂ν

=
∂v

∂ν
= 0, (x, t) ∈ ∂Ω × (0, ∞),

u(x, 0) = u0(x), v(x, 0) = v0(x), x ∈ Ω,

(1.3)

where Ω ⊂ Rn, n ≥ 1 is a bounded domain with smooth boundary ∂Ω . Winkler [9] proved that system (1.3) has a unique
globally bounded classical solution provided that 0 < χ (v) ≤

χ0
(1+αv)k

with some α > 0 and k > 1 for any χ0 > 0.
Recently, Fujie and Yokota [10] extended this result of [9] to the singular case 0 < χ (v) ≤

χ0
vk

for some χ0 > 0 and k > 1.
Moreover, Zhang and Li [11] generalized the result of [9] to a two-species chemotaxis system. Furthermore, when n ≥ 2 and
χ (v) =

χ0
v

in [12], the global existence of classical solution to (1.3) is proved if χ0 <

√
2
n , while χ0 <

√
n+2
3n−4 , then the global

existence of weak solution is established. Fujie [13] obtained the boundedness result in (1.3) with χ (v) =
χ0
v
under the cases

0 < χ0 <

√
2
n and n ≥ 2. In the radially symmetric setting, Stinner and Winkler [14] constructed certain weak solutions

of (1.3) with χ (v) =
χ0
v

and χ0 <
√

n
n−2 provided that n ≥ 3. Invoking additional dampening kinetic terms, Manásevich

et al. [15] proved global existence and boundedness in a related system for any χ0 > 0. On the other hand, when chemicals
diffuse much faster than cells move, the corresponding simplified parabolic–elliptic chemotaxis systems in (1.3) have also
been studied by some authors (see [16–19]). Moreover, Fujie et al. [20] studied the global boundedness for the simplified
parabolic–elliptic chemotaxis systemwithχ (v) =

χ0
v
invoking additional dampening kinetic terms.Moreover, Cao et al. [21]

proved that the global solution converges asymptotically to the constant equilibrium. Recently under the standard logistic
growth case, Zhao and Zheng [1] extended the boundedness result of [20] to the fully parabolic system with the singular
sensitivity 1

v
. However, the large time behavior of global solutions to (1.1) remains open in the previous works.

To the best of our knowledge, only few results on the large time behavior were studied in (1.1). Our main purpose in this
paper is to further investigate the global asymptotic stability of global solutions to system (1.1).

Our main result in this paper is stated as follows.

Theorem 1.1. Let Ω ⊂ R2 be a bounded smooth domain, χ > 0, µ > max{ 1
2 ,

χ2r
2δ20

} and

r >

⎧⎨⎩
χ2

4
, 0 < χ ≤ 2,

χ − 1, χ > 2,
(1.4)

where δ0 is given by Lemma 2.2. Assume that the initial data (u0, v0) satisfies (1.2). Then the global bounded solution (u, v) of
(1.1) exponentially converges to the steady state, i.e., there exist positive constants C and λ such that

∥u(·, t) −
r
µ

∥L∞(Ω) + ∥v(·, t) −
r
µ

∥L∞(Ω) ≤ Ce−λt for all t > 0.

Remark 1.1. Compared with the previous results in [22], we further show the exact convergence rate of global solutions.

2. Regularities of bounded solutions

In this section, we provide more strong regularity properties for any such bounded solution than those shown in [1],
which are needed to achieve our desired rates of convergence in L∞-norm. To do this, we shall collect the L∞-boundedness
of solutions for system (1.1) as follows.

Lemma 2.1. Let Ω ⊂ R2 be a bounded smooth domain, χ > 0, µ > 0 and r satisfies (1.4). Then for any initial data satisfying
(1.2), system (1.1) possesses a unique global nonnegative classical solution, which is uniformly bounded in Ω × (0, ∞) in the
sense that there exists a positive constant C such that

∥u(·, t)∥L∞(Ω) + ∥v(·, t)∥L∞(Ω) ≤ C for all t > 0. (2.1)

Proof. The boundedness result of Lemma 2.1 directly comes from Theorem 1 in [1]. Thus we delete the details. □

Nextwe only show the following uniform-in-time lower bound of v inΩ with r satisfying (1.4), which is proved in Lemma
3.3 of [1].

Lemma 2.2. Suppose that the conditions of Lemma 2.1 hold. Then there exists δ0 > 0 such that v(x, t) ≥ δ0 for all (x, t) ∈

Ω × (0, ∞).
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