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Most existing results on the distribution of the maximum Sharpe ratio depend on the assumption of
multivariate normal return distributions. We use recent results from the literature to provide an analytical
representation of the distribution of the difference between two maximum Sharpe ratios for much less
restrictive distributional assumptions, both with and without short sales. Knowing the distribution of
the difference enables us to test ex ante whether or not the inclusion of additional variables leads to a
significant improvement in the maximum Sharpe ratio. In addition, we characterize the optimal long-only
solution and provide conditions for global optimality.
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1. Introduction

Particularly in times of low interest rates and decreasing risk
premia, investors look for potential improvements to their port-
folios by including new asset classes. Also within asset classes,
the performance might be improved by considering variables such
as book-to-market or momentum as potential return drivers. For
some of these variables, their impact on average returns is gen-
erally accepted, since there exists both a sound theoretical foun-
dation and solid empirical evidence. For others, it is less clear
whether their inclusion significantly enhances the portfolio oppor-
tunity set. Fama and French (2015) discuss the related literature
and criticize the standard line of argument used there, which em-
ploys Fama and MacBeth (1973) cross-sectional regressions to sort
stocks into portfolios and illustrates the (seeming) importance of a
new candidate variable on the basis of univariate return spreads.
Fama and French (2015) demonstrate that judging a variable’s im-
portance by the univariate spread it produces in average returns
overestimates its positive impact compared to the true impact ob-
served when adding this variable in a portfolio context.

When starting from an existing portfolio, only the incremental
improvement from new additions is relevant. If a candidate com-
ponent improves the portfolio opportunity set, it should be in-
cluded, and disregarded otherwise. In classical portfolio theory,!
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if a riskless asset is available, this may be recast into an equiva-
lent statement formulated in terms of the Sharpe ratio: A candi-
date component should be included if and only if it significantly
increases the maximum attainable Sharpe ratio. Gibbons, Ross, and
Shanken (1989) note that their approach to testing portfolio effi-
ciency, which is formulated in a regression framework, can also be
interpreted as a test for the significance in the Sharpe ratio im-
provement caused by the improvement in the opportunity set.
The Sharpe ratio has some well-known shortcomings: It is
based on the standard deviation, which is not a coherent risk mea-
sure in the sense of Artzner, Delbaen, Eber, and Heath (1999).
Moreover, real-world return distributions are not necessarily mul-
tivariate normal, but frequently exhibit skewness and excess kur-
tosis. To account for these deviations from multivariate normal-
ity, extensions to the Sharpe ratio have been proposed (see, e.g.,
Biglova, Ortobelli, Rachev, & Stoyanov, 2004). Despite these short-
comings and the existence of alternatives that are theoretically
more appealing, the Sharpe ratio is still the most widely used
reward-to-risk ratio in practice, and it may even be the main rele-
vant criterion for many practitioners. A portfolio manager consid-
ering a new variable may hence be interested in testing whether or
not its inclusion would lead to a significant increase in the maxi-
mum attainable Sharpe ratio. Fama and French (2015) discuss the
use of Gibbons et al. (1989) (GRS) tests for this purpose and illus-
trate a major disadvantage of these tests from a practical perspec-
tive: Since the tests assume that unlimited short sales are allowed,

Simaan (2014) shows that mean-variance based portfolio optimization also leads
to good results in a more general expected utility maximizing framework.
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they may indicate a significant increase in the maximum attainable
Sharpe ratio in cases where the portfolios leading to this increase
require unrealistic leverage. Fama and French (2015) illustrate
numerically that despite highly significant GRS statistics, Sharpe
ratio improvements for a long-only investor from adding a third
variable to an initial set of two are typically very small. A further
disadvantage of the GRS statistic is its assumption of multivariate
normal asset returns.

The reason why Fama and French (2015) resort to numerical il-
lustrations for the case of the long-only investor is the lack of a
suitable test for the difference between the maximum Sharpe ra-
tios that are attainable with and without an incremental variable
when short sales are not allowed. In this paper, we derive such
a test for an ex ante comparison of optimal portfolios from dif-
ferent investment opportunity sets, which generalizes their GRS-
based test not only for the long-only case, but also for deviations
from multivariate normality. Furthermore, whereas the GRS-based
test is formulated such that one of the investment opportunity sets
is a proper subset of the other, our test allows for comparing any
two investment opportunity sets. To derive our test, we will use
recent results by Maller, Roberts, and Tourky (2016) on the dis-
tribution of the maximum Sharpe ratio under quite general dis-
tributional assumptions. The resulting formulae form the basis for
comparing maximum Sharpe ratios for two investment opportunity
sets. This includes, but is not limited to, testing whether increas-
ing a given investment opportunity set significantly increases the
maximum attainable Sharpe ratio.

One potential technical issue that arises with maximization of
the Sharpe ratio in the long-only case is in the nature of the op-
timization problem. The long-only constraints make the problem
quasi-concave, which in principle may give rise to multiple (local)
optima. However, as noted in Stoyanov, Rachev, and Fabozzi (2007),
since the function g(x) (see e.g., Eq. (1) in Section 3) is a ratio of
a linear and a differentiable convex function, the ratio is pseudo-
concave in its argument. It is known (Stoyanov et al., 2007) that lo-
cal extrema of pseudo-concave function are also global. For quasi-
concave functions defined in a non-empty convex set, the optimal
solution is an extreme point of the convex set. As an additional
contribution of this paper, we provide conditions that allow us to
check whether any such extreme point is indeed the global opti-
mum we are looking for.

The difference in maximum attainable Sharpe ratios is closely
related to mean-variance spanning tests, where the object of in-
terest is usually the entire efficient frontier constructed from the
available risky assets. In one sense, the problem studied in this pa-
per appears to be simpler, since it involves only the tangency port-
folio (as opposed to the entire efficient frontier). However, most
existing mean-variance spanning tests suffer from the assumption
of unlimited short sales, and many of these tests assume (condi-
tional) multivariate normality of returns. The relation of this paper
to the literature on mean-variance spanning tests will be discussed
in more detail in Section 2.

The remainder of the paper is organized as follows:
Section 3 reviews recent results on the distribution of the
maximum Sharpe ratio when asset returns are not assumed to
be multivariate normal. Section 4 provides a general result for
the distribution of the difference between two maximum Sharpe
ratios, both with and without short sales. Section 5 briefly dis-
cusses potential applications. Section 6 illustrates our results using
a numerical example, and Section 7 concludes.

2. Tests on the difference between maximum Sharpe ratios and
their relation to mean-variance spanning

One of the questions in this paper is whether the maxi-
mum Sharpe ratios attainable by forming portfolios of assets from

two investment opportunity sets differ significantly. This question
arises in classical portfolio theory if a riskless asset is available.
In this case, the Sharpe ratio of the tangency portfolio determines
the risk-return tradeoff that is attainable from investing in risky
assets. If a riskless asset is not available, this efficient frontier is
completely described by two portfolios on the frontier (two-fund
separation). Frequently, these two portfolios are chosen as the tan-
gency portfolio and the global minimum-variance portfolio. In the
absence of a riskless asset, the relevant question is whether the
efficient frontier of one set of assets (the benchmark or reference
set) is identical to the efficient frontier of another set of assets
(the test set). The finite sample distribution and moments of the
sample minimum variance frontier have been analyzed by Kan and
Smith (2008) for the case of multivariate normal asset returns. Cor-
responding tests for the difference between two such frontiers are
known as mean-variance spanning tests in the literature (for an
overview, see DeRoon & Nijman, 2001; Kan & Zhou, 2012). Since
these tests analyze the difference between two efficient frontiers,
they are not usually based on the distribution of the Sharpe ratio
of the tangency portfolio, which would be an insufficient statistic
for their purpose.

In the framework of regression-based spanning tests introduced
by Huberman and Kandel (1987), Kan and Zhou (2012) discuss
and compare various such tests. They point out that tests of span-
ning can be viewed as joint tests on the differences between
the minimum variance portfolios and the tangency portfolios con-
structed from the reference set and the test set. The components
are weighted implicitly according to the statistical accuracy of the
estimates. Since the estimate for the minimum variance portfolio
does not depend on the estimated means, it will be more accu-
rate than the estimate for the tangency portfolio. For this reason,
mean-variance spanning tests place more weight on the difference
between the minimum variance portfolios than on the difference
between the tangency portfolios, although the difference between
the tangency portfolios may be economically much more impor-
tant. Whereas standard tests may be able to distinguish clearly be-
tween largely similar efficient frontiers with a small difference in
minimum variance portfolios, they find it much more difficult to
classify a large difference in the tangency portfolios as statistically
significant.

Because of the problems of joint testing and the difficulty in
distinguishing between Sharpe ratios of tangency portfolios due to
the estimation uncertainty in means, Kan and Zhou (2012, Section
4) suggest a step-down procedure for spanning tests, i.e., a sequen-
tial procedure that tests first for any difference in the tangency
portfolios and then, in a second step, for the difference in mini-
mum variance portfolios (conditional on no difference in tangency
portfolios). They also discuss using different significance levels for
the two parts, and an adjustment of these to the economic sig-
nificance of the two components. Instead of using the traditional
significance level of 5% for both components, this may mean a
lower value of, e.g., 1% for the minimum-variance part, because the
difference in minimum-variance portfolios is easier to detect and
less important economically. In contrast, for the tangency portfolio
part, a higher value of, e.g., 10% might be used to account for both
higher economic importance and higher estimation uncertainty in
means.

3. The maximum Sharpe ratio and its large-sample distribution

In this section, we introduce the notation and review existing
results on the distribution of the maximum Sharpe ratio. We as-
sume the existence of a risk-free asset. Let i € RP represent a vec-
tor of expected excess returns for p risky assets (p>1). The effi-
cient frontier in the presence of the risk-free asset is given by the
tangent from the origin to the “risky-assets-only” efficient frontier,
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