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This paper develops estimators for market penetration level and arrival rate in finding queue lengths
from probe vehicles at isolated traffic intersections. Closed-form analytical expressions for expectations
and variances of these estimators are formulated. Derived estimators are compared based on squared er-
ror losses. Effect of number of cycles (i.e., short-term and long-term performances), estimation at low
penetration rates, and impact of combinations of derived estimators on queue length problem are also
addressed. Fully analytical formulas with unknown parameters are derived to evaluate how queue length
estimation errors change with respect to percent of probe vehicles in the traffic stream. Developed mod-
els can be used for the real-time cycle-to-cycle estimation of the queue lengths by inputting some of the
fundamental information that probe vehicles provide (e.g., location, time, and count). Models are evalu-
ated using VISSIM microscopic simulations with different arrival patterns. Numerical experiments show
that the developed estimators are able to point the true arrival rate values at 5% probe penetration level
with 10 cycles of data. For low penetrations such as 0.1%, large number of cycles of data is required
by arrival rate estimators which are essential for overflow queue and volume-to-capacity ratios. Queue
length estimation with tested parameter estimators is able to provide cycle-to-cycle errors within +5% of
coefficient of variations with less than 5 cycles of probe data at 0.1% penetration for all arrival rates used.
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1. Problem definition

Queue length (QL) is an important measure for the perfor-
mance of signalized intersections which can be used to estimate
delays and travel times (Feng, Head, Khoshmagham, & Zama-
nipour, 2015; Gartner, Pooran, & Andrews, 2002; Lee, Wong, &
Li, 2015; Mirchandani & Zou, 2007). The models based on these
traffic parameters can be utilized for control, design, and planning
purposes where the accuracy of such models becomes important.
This study focuses on the estimation of low level-primary pa-
rameters for queue length models from probe vehicles (PVs) (i.e.,
vehicles equipped with tracking technologies). Simple analytical
closed-form expressions are developed for parameter estimators
and queue length estimations (QLE) by deriving probability dis-
tributions of basic PV information types (e.g., count, location, and
time). Cycle-to-cycle and steady-state behavior of parameter esti-
mators, QLs, and their errors are formulated based on the works
of Akcelik (1980) and Viti (2006). The models are evaluated with
a microscopic simulation environment-VISSIM. Additional results
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are presented to the author’s previous work. In these studies,
QL estimators are developed using location and time informa-
tion with known parameters (Comert, 2013b; Comert & Cetin,
2009, 2011) and the effect of incorporating stop-line detection
into the estimations is formulated (Comert, 2013a). This research
specifically provides ability to estimate real-time queue lengths at
isolated intersections, intersections with moderate to low volume-
to-capacity ratios, or wherever Poisson arrivals can be assumed.
Several estimators for arrival rate A and market penetrate rate
p parameters are derived that only assume simple information
from probe vehicles. Single cycle and multi-cycle performance
of the estimators are also presented. The study gives detailed
insights about the distributions of PV information types that can
be utilized for more complex models (e.g., multilane intersections)
and estimating delays for signal control parameters. The results
can also possibly be used as input for queue lengths/delay approx-
imations in new signal control strategies (Comert, Cetin, & Nichols,
2009; Goodall, Smith, & Park, 2013; Smith et al., 2010).

The ultimate research problem investigated in this study can
simply be explained as estimating the total queue length N given
the information from PVs (i.e., the number of probes in the queue,
locations, and queue joining time instants). The estimation error
of this conditional expectation from the actual N is derived. For a
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Fig. 1. Snapshot of an intersection right before the red interval terminates.

basic illustration, Fig. 1 shows a snapshot of a signalized intersec-
tion approach at the end of red phase (R) in any given cycle (C).
Solid cars in the figure represent PVs. For simplicity, locations of
vehicles in the queue are measured in terms of number of vehicles
(i.e., order of a vehicle in the queue).

Despite the fact that the fixed time signal phase lengths are
used in the examples for the models, they can be applied to vary-
ing phase durations. From the practical view, developed estimators
can be used for fixed or variable red phase lengths or any time
interval that contains stopped probe vehicles as the PV data can
be obtained with a snapshot of the intersection at the end of red
or cycle duration. Therefore, R in the formulas can be replaced by
the time of estimation synced by the signal. Developed models can
also be used in multilane settings given the ability of which lane
level detection for probe vehicles. Then, utilizing them for find-
ing maximum queue lengths, determining the signal timing, aver-
age overall queue length, and delay. The following notation is used
throughout the paper:

R and C Red and cycle durations respectively.

M Number of PVs in the queue (e.g., 3 in Fig. 1).

L the location (or the spot) of the last PV (e.g., 8) in order
of vehicles from stop-bar.

T The time instant at which the last PV joins the back of

the queue (e.g., 35 seconds that is 8th vehicle (the last
probe) joins the back of the queue 35 seconds after the
red duration begins timing).

T The queue joining time of the last PV in the overflow
queue.

N The total QL that is estimated in real-time at the end of
red phase based on PV information.

Q The overflow queue which cycle-to-cycle overflows, i.e.,
queue at the beginning of red duration.

A Queue from the new red duration arrivals.

Ny Queue until the location of the last probe vehicle (up to
L=1).

N, Queue after the location of the last probe vehicle (be-
tween R and T).

D The difference between the actual queue length and the
estimated queue length.

d(p) The decision function or estimator of a parameter.

A Arrival rate in unit vehicle per second (vps).

p Probe proportion level(0 ~ p < 1), 8 = (1 — p)A is arrival

rate of nonprobe vehicles which is used for simplicity in
the derivations.

X The capacity, e.g., 24 vehicles per cycle.
o) Volume-to-capacity ratio 0 < p ~ 1, %
cv Coefficient of variation, /V(D)/E(N)

For simple analytical models, the point queue model is assumed
where waiting lane has infinite capacity and vehicles can acceler-
ate and decelerate instantaneously. However, all developed mod-
els are evaluated using VISSIM which provides microsimulations
with realistic vehicle movements and queuing dynamics. In addi-
tion, as described in Appendix E, different lengths of intersection
approaches and random seeds facilitate evaluation of developed
models under close to real data processing scenarios and arrival

patterns. VISSIM estimation errors are calculated by recording ve-
hicle data from the simulation and processing them in Excel Visual
Basic for Applications (VBA). Apart from obvious horizontal versus
vertical queuing, some discrepancies are expected among VISSIM,
point queue simulations in C++, and analytical evaluations due to:

(i) The car following in VISSIM, for a long approach lane vehi-
cles tend to form bunches as they move downstream which
makes the arrival profile not exactly Poisson (Viti, 2006).

(ii) The arrival pattern difference can also be viewed as an ad-
vantage since VISSIM evaluations show under which scenar-
ios analytical models are accurate since platoon arrivals are
expected at closely spaced intersections.

(iii) The number of runs in VISSIM are relatively low to express
true steady-state behavior.

(iv) In queue definition is not optimized here. Default values are
used in VISSIM (see Appendix E).

(v) VISSIM estimations use discrete time values in seconds for
T where analytical formula takes continuous time random
variables.

(vi) VISSIM simulations involve the information process of iden-
tifying probe vehicles, their identities, and tracking them un-
til discharged from the intersection similar to Hao, Ban, Guo,
and Ji (2014).

Other assumptions in the paper include that the arrivals fol-
low a Poisson distribution, vehicles accumulate in a vertical (point)
queue, and PVs are able to accurately provide their locations and
queue joining time information (timestamps). Poisson distribution
is commonly utilized to describe arrivals at isolated intersections
and the vehicles accumulate in a vertical (point) queue (Boon,
Adan, Winands, & Down, 2012; Kang, 2000; Lu & Yang, 2014; Mir-
chandani & Zou, 2007; Zheng, 2011). Limitations for Poisson mod-
els are discussed in these references. In summary, it is stated that
the arrivals are correctly modeled to an isolated intersection for
low volume-to-capacity ratios typically p < 0.70 for single channel
traffic (Newell, 1982). For two or more lanes with allowed over-
taking, Poisson arrivals can also be considered as an arrival pro-
cess (Buckley, 1962). Furthermore, theoretical attractiveness of the
Poisson arrival assumption is discussed in other fields (e.g., Paxson
& Floyd, 1995) where relatively lower demand processes of con-
nection arrivals and user generated File Transfer Protocols (FTP)
are shown to be well-modeled by Poisson distribution. In another
computer network modeling application, Poisson arrivals of pack-
ets to nodes are found to be suitable (Cantieni, Ni, Barakat, &
Turletti, 2005; Garetto & Chiasserini, 2005). Likewise, the results
presented here are also applicable to those cases where vehicle ar-
rivals can be described by a Poisson model. The assumption cer-
tainly limits the applicability. However, the study aims to show
closed-form equations. Derived models can be used as simple de-
cision tools under given assumptions. They can also be used as ref-
erences in the formulations for complex intersections.

Even though locating vehicles on a link is assumed to be sat-
isfied possibly with differential GPS (DGPS) systems (Du & Barth,
2008; Herrera & Bayen, 2010; Patire, Wright, Prodhomme, & Bayen,
2015; Qing, Bertini, Lint, & Hoogendoorn, 2011), current accuracy
may not be sufficient for field implementations especially in which
lane level. Suppose that the position and the time of a vehicle
waiting on the link are accurately known, the number of vehi-
cles ahead of the observed vehicle can be estimated by an aver-
age length/spacing per vehicle. The concept of using average or ef-
fective vehicle length is common in estimating density and speed
based on occupancy (i.e., percentage of time the detector is occu-
pied/activated) measured by inductive loop detectors (e.g., Dailey,
1999; Hellinga, 2002; Coifman & Kim, 2009; Li, 2010). Although
identical type is assumed, multiple vehicle classes can be incorpo-
rated to the models by selecting the average vehicle length to be
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