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a b s t r a c t

The Traveling Umpire Problem (TUP) is an optimization problem in which umpires have to be assigned to

games in a double round robin tournament. The objective is to obtain a solution with minimum total travel

distance over all umpires, while respecting hard constraints on assignments and sequences. Up till now, no

general nor dedicated algorithm was able to solve all instances with 12 and 14 teams. We present a novel

branch-and-bound approach to the TUP, in which a decomposition scheme coupled with an efficient propa-

gation technique produces the lower bounds. The algorithm is able to generate optimal solutions for all the

12- and 14-team instances as well as for 11 of the 16-team instances. In addition to the new optimal solutions,

some new best solutions are presented and other instances have been proven infeasible.

© 2015 Elsevier B.V. and Association of European Operational Research Societies (EURO) within the

International Federation of Operational Research Societies (IFORS). All rights reserved.

1. Introduction

The Traveling Umpire Problem (TUP) is a sports timetabling prob-

lem giving attention to the schedule of the umpires (referees). The

goal is to assign the umpires to the matches of a tournament, whose

schedule is given beforehand.

A double round robin tournament is considered, with 2n teams

playing twice against each other – once in their home venue and

once away. This results in a competition with 4n − 2 rounds, each

consisting of n matches. Such tournament requires assigning n um-

pires to the games, with the objective to minimize their total travel

distance. In order to obtain a fair schedule, hard constraints (a)–(e)

are imposed:

(a) every match in the tournament is officiated by exactly one

umpire;

(b) every umpire must work in every round;

(c) every umpire must visit the home venue of every team at least

once;

(d) no umpire is in the same venue more than once in any q1 con-

secutive rounds;

(e) no umpire officiates games of the same team more than once

in any q2 consecutive rounds. This constraint is similar to the

previous one, but also takes the ‘away team’ into consideration.
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The values q1 and q2 range respectively from 1 to n and 1 to � n
2 �.1

Since the introduction of the TUP by Trick and Yildiz (2007),

considering the Major League Baseball tournament, many exact and

heuristic approaches have been developed. The initial work was ex-

tended (Trick & Yildiz, 2011) by a Benders cuts guided large neigh-

borhood search. These papers also provided both Integer Program-

ming (IP) and Constraint Programming (CP) formulations for the

problem. A greedy matching heuristic and a simulated annealing ap-

proach using a two-exchange neighborhood were described by Trick,

Yildiz, and Yunes (2012). Trick and Yildiz (2012) presented a Ge-

netic Algorithm (GA) with a locally optimized crossover procedure.

A stronger IP formulation and a relax-and-fix heuristic were pro-

posed by de Oliveira, de Souza, and Yunes (2014), who improved both

lower and upper bounds. Wauters, Van Malderen, and Vanden Berghe

(2014) improved solutions and lower bounds by an enhanced it-

erative deepening search with leaf node improvements (IDLIs), an

iterated local search (ILS) and a new decomposition based lower

bound methodology. Further improvements for some instances were

found by Toffolo, Van Malderen, Wauters, and Vanden Berghe (2014),

who proposed a branch-and-price algorithm with a fast branch-and-

bound for solving the pricing problems. Two branching strategies

were investigated and many bounds were improved. Xue, Luo, and

Lim (2015) presented two exact approaches to the TUP: a branch-

and-bound algorithm relying on a Lagrangian relaxation for obtaining

1 Trick and Yildiz (2007) originally presented the parameters d1 and d2 such that

q1 = n − d1 and q2 = � n
2
� − d2, with 0 ≤ d1 < n and 0 ≤ d2 < � n

2
�.
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Fig. 1. Graph G = (V, E) representing an 8-team TUP instance.

lower bounds and a branch-and-price-and-cut algorithm. The latter

approach enabled solving two 14-team instances within the runtime

limit of 48 hours. Several lower bounds were also improved.

In this work, we present a new branch-and-bound approach to

the TUP. We introduce a simple decomposition scheme that, coupled

with a propagation technique, results in very strong lower bounds.

This enables increasing the size of all instances solved to optimality

from 12 to 14 teams. In addition, many 16-team instances are solved.

The following section presents a formulation for the TUP based

on the formulations introduced by Trick and Yildiz (2007) and

de Oliveira et al. (2014). Section 3 details the proposed branch-and-

bound technique while Section 4 discusses the lower bound strate-

gies considered in the algorithm. Section 5 presents computational

experiments considering both lower and upper bounds and, finally,

Section 6 summarizes the conclusions.

2. Integer programming formulation for the TUP

We present a flow formulation for the TUP based on the formula-

tions presented by Trick and Yildiz (2007) and de Oliveira et al. (2014).

A graph G = (V, E) is given, in which each node represents a game and

directed edges connect the nodes (games) of round r to the nodes of

round r + 1. This graph G also contains:

• a source node, f, and directed edges connecting f to the nodes rep-

resenting games of the first round;
• a sink node, l, and directed edges connecting the nodes represent-

ing games of the last round to l.

Fig. 1 presents an example of this graph for an 8-team instance.

The formulation considers the following input data:

de: distance of directed edge e;

I : set of teams {1, . . . , 2n};

Hi: set of nodes where team i plays at home;

R : set of rounds {1, . . . , 4n − 2};

Q ′
ir

: set of nodes (games) of team i playing at home in rounds R ∩
{r, . . . , r + q1 − 1};

Q ′′
ir

: set of nodes (games) of team i (home or away) in rounds R ∩
{r, . . . , r + q2 − 1};

U: set of umpires {1, . . . , n}.

And the following variables:

xeu =
{

1 if edge e is selected for umpire u
0 otherwise

Finally, let δ(I) and ω(I) denote the set of edges that respectively

enter and exit the nodes in I. The formulation of the problem is given

by Eqs. (1)–(7).

minimize
∑
e∈E

∑
u∈U

dexeu (1)

subject to
∑

e∈δ( j)

∑
u∈U

xeu = 1 ∀ j ∈ V\{source, sink} (2)

∑
e∈δ( j)

xeu −
∑

e∈ω( j)

xeu =
{−1 if j is the source

+1 if j is the sink
0 ∀ j ∈ V\{source, sink},

∀u ∈ U (3)

∑
e∈δ(Hi)

xeu ≥ 1 ∀i ∈ I; ∀u ∈ U (4)

∑
e∈δ(Q ′

ir
)

xeu ≤ 1 ∀i ∈ I; ∀r ∈ R; ∀u ∈ U (5)

∑
e∈δ(Q ′′

ir
)

xeu ≤ 1 ∀i ∈ I; ∀r ∈ R; ∀u ∈ U (6)

xeu ∈ {0, 1} ∀e ∈ E; ∀u ∈ U (7)

The objective, given by Eq. (1), is to minimize the total distance

traveled by the umpires. Constraints (2) ascertain that each game is

officiated by exactly one umpire. Constraints (3) are flow preserva-

tion constraints, and together with the graph structure ensure that

every umpire officiates exactly one game per round. If an umpire is

at the location of a team in round r, the umpire must leave from the

same location to go to the next location in round r + 1. This is also

guaranteed by the flow preservation constraints. Constraints (4) state

that every umpire must visit every location at least once during the

season. Constraints (5) and (6) specify that every umpire must wait

q1 − 1 days to revisit the same home location and q2 − 1 days to re-

visit the same team, respectively. Finally, constraints (7) specify that

the variables considered are binary.

3. Branch-and-bound

Building on the branch-and-bound procedure established by Land

and Doig (1960), we introduce a specialized decomposition-based

algorithm to the TUP. This algorithm considers the same graph

G = (V, E) presented for the integer programming formulation in

Section 2. Starting from the first round, the branch-and-bound algo-

rithm assigns games to umpires, one at a time and round after round,

until the sink node is reached. An assignment of a game to an umpire

in a round is feasible if (i) the umpire did not visit the same location

in the previous q1 − 1 rounds and (ii) the umpire did not officiate any

of the teams during the previous q2 − 1 rounds. Whenever multiple

games can be assigned to one umpire in one round, the algorithm

greedily chooses the assignment incurring the smallest increase in

travel distance. In case of ties, the games are sorted lexicographically.

If no valid assignment can be found for an umpire in a certain

round, the procedure backtracks to the previous umpire and chooses

the next game in the ordered list of games in the round. If the um-

pire considered is the first one of the round, then the algorithm re-

turns to the previous round. This procedure continues until the sink

node is reached for all umpires. If the resulting solution does not vio-

late constraint (c), it is feasible and its total distance serves as an up-

per bound. This upper bound is, together with the calculated lower

bounds, used to prune the parts of the search tree where no optimal

solution can reside.
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