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Whilst Data Envelopment Analysis (DEA) is the most commonly used non-parametric benchmarking ap-
proach, the interpretation and application of DEA results can be limited by the fact that radial improvement
potentials are identified across variables. In contrast, Multi-directional Efficiency Analysis (MEA) facilitates
analysis of the nature and structure of the inefficiencies estimated relative to variable-specific improvement
potentials.

This paper introduces a novel method for utilizing the additional information available in MEA. The distin-
guishing feature of our proposed method is that it enables analysis of differences in inefficiency patterns
between subgroups. Identifying differences, in terms of which variables the inefficiency is mainly located
on, can provide management or regulators with important insights. The patterns within the inefficiencies
are represented by so-called inefficiency contributions, which are defined as the relative contributions from
specific variables to the overall levels of inefficiencies. A statistical model for distinguishing the inefficiency
contributions between subgroups is proposed and the method is illustrated on a data set on Chinese banks.

© 2015 Elsevier B.V. and Association of European Operational Research Societies (EURO) within the
International Federation of Operational Research Societies (IFORS). All rights reserved.

1. Introduction

The location of observations within the production possibility set
provides potentially valuable information about the underlying struc-
ture of the production units. In standard efficiency analysis, like Data
Envelopment Analysis (DEA) (see Charnes, Cooper, & Rhodes, 1978),
only a small part of this information is utilized, specifically each ob-
servation’s radial distance to the estimated efficient frontier and the
corresponding benchmark (including which observations define the
benchmark and the slope of the corresponding facet).

When restricting oneself to considering only an observation’s ra-
dial projection onto the estimated efficient frontier, most of the avail-
able information regarding the location and shape of the efficient
frontier is disregarded. Any projection of an observation onto a point
on the efficient frontier that dominates the observation in question
will result in a Pareto improvement. Therefore one could argue that
the location (position) of each observation relative to the whole sec-
tion of the frontier dominating it is important. For example, if the
observations’ distances to the frontier in one direction generally are
much larger than the distances to the frontier in other dimensions,
then this pattern in where the (non-radial) inefficiency is located
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might provide important insights. Imagine, for example, a situation
with two inputs being doctors and nurses working in a hospital. If
the inefficiency on nurses is larger than that on doctors, then this
could indicate that the nurses have more bargaining power which
have resulted in additional nursing staff being allocated. Other rea-
sons for having, or allowing, more inefficiency on some input vari-
ables as opposed to others could be i) that inefficiency (slack) on the
more flexible resources provides spare capacity that functions as a
buffer against uncertain demand, ii) that management focus has been
on reducing slack on the more expensive resources or on those where
their effort and contributions are easiest to measure, or iii) that in-
vestments in future performance may appear as inefficiency on capi-
tal in the short run (see Asmild, Bogetoft, & Hougaard, 2013).

The use of Multi-directional Efficiency Analysis (MEA) (see
Bogetoft & Hougaard, 1999; Asmild, Hougaard, Kronborg, & Kvist,
2003) enables a consideration of the patterns of the inefficiencies.
This is done by first identifying the improvement potential in each
dimension separately, which provides an ideal reference point. Next,
the overall inefficiency is estimated by projecting the observation
onto the frontier in the direction of the ideal reference point, resulting
in different relative inefficiencies on the various variables, reflecting
whether the observations are located closer to the frontier in some
dimensions than in others.

In an illustrative example in the following, we consider a case
of Chinese banks. Following the established literature that links
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government ownership of banks and weak economic development
and low bank efficiency (Barth, Caprio, & Levine, 2001; La Porta,
Lopez-de Silanes, & Shleifer, 2002), one might hypothesize that state-
owned banks in China have relatively more inefficiency on non-
performing loans than joint-stock banks (Asmild & Matthews, 2012).
For further evidence see also Cornett, Guo, Khaksari, and Tehra-
nian (2010). Similarly, the evidence from the public choice literature
suggest that state-owned enterprizes, including banks, have been
used to finance politically motivated projects as well as over-staffing
(Megginson, 2005). When comparing production plans between dis-
tinct subgroups it is often not sufficient to simply consider the sizes of
the absolute inefficiencies in the specific dimensions for the groups.
For the case of Chinese banks, it is well-known that the overall level
of inefficiency is generally higher for the state-owned banks than
for the joint-stock banks (as is found to be the case in most com-
parisons of public vs. private organizations). That the state-owned
banks are generally located further away from the frontier than the
joint-stock banks, implies that the inefficiencies on all variables will
generally be larger for the state-owned banks. So in order to specifi-
cally investigate whether state-owned banks have more inefficiency
on labour relative to the inefficiency on other variables (or, in other
words, whether a larger portion of their overall inefficiency comes
from labour), than the joint-stock banks have, we need to consider
not just the absolute inefficiencies on labour but also its relation-
ship to the overall inefficiency. The ratio of the inefficiency on a
specific variable relative to the overall inefficiency is in the follow-
ing referred to as the inefficiency contribution from the variable in
question.

In order to compare the inefficiency contributions between sub-
groups, all the characteristics determining the distributions of the in-
efficiency contributions, e.g. both the levels and the variations, might
be of interest. In terms of examining differences in variations, one
could imagine hypotheses along the lines of whether one subgroup
has more variation in the inefficiency contribution from a specific
variable than another. Returning again to the example of compar-
ing public and private organizations one might, for example, expect
a more formulaic production in public organizations (e.g. requiring
10 nurses per doctor), resulting in similar inefficiency patterns as
well, and more variation in the private production. Thus one could
formulate hypotheses related to differences in variations between
subgroups. Concerning differences in levels, the corresponding hy-
potheses are straightforward, like the previous example of whether
state-owned banks in China have a relatively higher inefficiency con-
tribution from e.g. labour than other bank types have. This is one of
the issues that will be investigated in the empirical illustration.

In this paper we propose a model that can be used to analyze the
inefficiency contributions. As will be evident in the next section, an
inefficiency contribution can be expressed as (the cosine of) an angle,
and thus it becomes natural to use models for directional statistics,
like the so-called von Mises-Fisher distribution (Mardia, 1975).

The rest of the paper unfolds as follows: In Section 2 we define
inefficiency contributions and propose a statistical model for their
analysis. Section 3 presents an empirical illustration of the proposed
method on an empirical case of Chinese banks and, finally, a discus-
sion of the method is provided in Section 4.

2. Methodology

Consider a set of production plans where m inputs, x € R, are
used to produce s outputs, y € RS and denote by z the vector of
throughputs (or netputs)', z= ( —x,y) € R™ x R.. Let the produc-
tion possibility set P be given by P = {( — x,y) | X can produce y}. It

1 The use of throughputs, instead of separate input- and output vectors, simplifies
the notation and definitions in the following.

is assumed that P satisfies standard assumptions of convexity and
free disposability. The technology can, for example, be estimated by
the use of DEA as shown in Section 2.2 below.

Multi-directional Efficiency Analysis (MEA) is used as the starting
point for defining inefficiency contributions. Generalizing the defini-
tions from Bogetoft and Hougaard (1999) to considering adjustments
in both inputs and outputs, let the coordinates of the ideal reference
point z for some production plan z° = ( — x°, y°) be defined as z?’ =
max {7/ e R | (z],2°,) e P}, with —i={1,...,i—1,i+1,...,m+s}L. A
benchmark is selected, in the direction of the ideal reference point,
by first finding 8* = max {8 € Rt | z° + B(z% — z°) € P}. Next, the
benchmark is given by z%8 = z° 4+ B*(z% — z°).

2.1. Inefficiency contributions

A measure of overall inefficiency is given by the length of the vec-
tor z% — 2°, Let the inefficiency contribution from dimension [ be
given as the dimension specific inefficiency, z;’B — z] relative to the
overall inefficiency. Note that the relationship between the lengths
of the vectors sz -z} and z°8 — 7° is identical to the relationship be-
tween the lengths of the vectors z;” -z} and z% — 7°. For simplicity
the latter is used in what follows, in effect making the identification
of the benchmark in MEA superfluous.

Denote by d° = (z° —z°) e RE™™** the vector between a pro-
duction plan and its ideal reference point. Thus d° is the di-
agonal of a p-dimensional box (hyperrectangle) with the coordi-
nates of d°=(d9, ..., d9) as side lengths. The coordinates of d” in
the p-dimensional Euclidean space can, for inefficient units, be
converted to p hyperspherical coordinates, consisting of ||d°| =
/(@9)? + ... + (d9)? (the length of the diagonal in the box)and p — 1

angular coordinates. Let df be the vector (0, ..., d?,....0) of length

p. The relation °=arccos(d; - d"T/|Id?|| [|d°[|)= arccos(d?/[|d°||) (6? e
[0, Z']) converts the inefficiency contribution for a given dimension
to a polar angle (the angle between the vector from z° to z° and the
vector (0, ...,d?, ..., 0)) or equivalently to a point on the unit circle.
A small angle can be interpreted as a high correlation between the
inefficiency in one dimension, df, and the overall inefficiency vec-
tor, d’, i.e. a high inefficiency contribution from dimension i. For effi-
cient units, i.e. with ||d°|| = 0, the angle is undefined. Note also that
the magnitude of inefficiencies is the ancillary complement to the
angles.

2.2. Operationalization

In order to implement the general definitions above, the technol-
ogy can be estimated by the use of DEA as shown below, here under
the assumption of constant returns to scale.

The coordinates of the MEA ideal reference point, z%, for z° =
(—x°,y%), considering individual improvements on each input
and output, are found by solving Problem 1 below for each ie
{1,....m+s}:

2 = max §;
s.t
n . .
Z)szz&
i=1
n o
YoM =2, —i=1,...i-1i+1,....m+s(=p)
=1
AM>0 j=1,....n.

The benchmark selection of z° = ( — x°,y°) on the efficient fron-
tier in the direction of the ideal point is subsequently found by solving
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