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a b s t r a c t

One concern of many investors is to own the assets which can be liquidated easily. Thus, in this paper, we
incorporate portfolio liquidity in our proposed model. Liquidity is measured by an index called turnover
rate. Since the return of an asset is uncertain, we present it as a trapezoidal fuzzy number and its turnover
rate is measured by fuzzy credibility theory. The desired portfolio turnover rate is controlled through a
fuzzy chance constraint. Furthermore, to manage the portfolios with asymmetric investment return, other
than mean and variance, we also utilize the third central moment, the skewness of portfolio return. In fact,
we propose a fuzzy portfolio mean–variance–skewness model with cardinality constraint which combines
assets limitations with liquidity requirement. To solve the model, we also develop a hybrid algorithm which
is the combination of cardinality constraint, genetic algorithm, and fuzzy simulation, called FCTPM.

� 2013 Elsevier B.V. All rights reserved.

1. Introduction

Through the introduction of the mean–variance model, Marko-
witz (1952) took a great step toward solving the portfolio optimi-
zation problem. Later, other researchers generalized this model by
the expansion of assumptions and introduced new models, such as
the mean absolute deviations model (Konno and Yamazaki, 1991),
semi variance model, and semi absolute deviation model
(Speranza, 1993). Some suggested that the mean–variance model
can be applicable only for the problems with the symmetric invest-
ment return distribution, while, in the real world, this may not be
true. The higher moments, rather than mean and variance (the first
and second central moments), can be utilized to generalize the
model for portfolios with asymmetric investment return distribu-
tion. ‘‘The basic intuition behind higher moment preferences is
that investors are willing to give up some extra average return in
exchange for lessening the chance of a big loss’’ (Loukeris et al.,
2009). In fact, many investors prefer a portfolio with a large third
order moment if the first and the second moments are equal
(Simaan, 1997). Loukeris et al. (2009) used power utility function
to utilize higher moments which indicates additional information
of portfolios management. For the detail review of utility function
in the literature, one may refer to Loukeris et al. (2009).

In this paper, we consider another important aspect of portfolio
selection, called liquidity. The majority of short-term investors are

willing to own the assets that can be sold easily. Furthermore, in
many cases, stock price fluctuation of a company is caused by psy-
chological and internal market factors and not necessarily by the
company financial situation.

Asset liquidity was examined by Amihud and Mendelson
(1986). Datar et al. (1998) introduced the turnover rate. Turnover
rate, as a proxy for liquidity, is defined as the total amount of
traded shares divided by the total net asset value (NAV) of the fund
over a particular period. Since the turnover rate is the most impor-
tant factor in portfolio liquidity (Marshalla and Young, 2003), this
limitation is emphasized in the present paper. In our approach, the
level of liquidity is measured by fuzzy credibility concept: see (Liu,
2009; Li and Liu, 2006). In our approach, turnover rate is controlled
through fuzzy chance constraint, in order to select a portfolio with
enough liquidity and a desired probability. This probability, as well
as the level of liquidity, is determined by each investor. Chance
constraint programming was introduced by Charnes and Cooper
(1959). Fuzzy portfolio selection with chance constraint has been
discussed with different assumptions and been solved by various
methods: see for example (Huang, 2006, 2008; Li and Liu, 2008).

In order to manage the portfolio more efficiently, the number of
assets in the portfolio should be limited. This limitation, called car-
dinality constraint, helps the investor to get less confused in the
complex environments of the financial markets.

From another point of view, an asset with very low percentage
in the portfolio increases the administration and supervisory cost.
On the other hand, an asset with high percentage causes the port-
folio risk to be increased. Thus, we impose an upper and lower per-
centage limit for each asset in the portfolio.

Generally speaking, we develop a mean–variance–skewness fuz-
zy portfolio model with cardinality constraint and by considering
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the fuzzy chance constraint to measure portfolio liquidity, called
Fuzzy Cardinality Constraint and Turnover rate chance constraints
Portfolio Model (FCTPM). Finally, to solve this model, we design a
genetic algorithm based on cardinality constraint and by integrating
fuzzy simulation.

The rest of this article is organized as follows. In Section 2, we
present some basic concepts regarding the credibility theory and
turnover rate. In Section 3, a fuzzy chance constraint mean–
variance–skewness model is presented. In Section 4, an algorithm,
based on fuzzy simulation combined with genetic algorithm, is
developed to solve the model. Section 5 presents numerical exam-
ples to illustrate the proposed algorithm and its efficiency. In Sec-
tion 6, sensitivity analysis with respect to variance and skewness is
presented. Finally, in Section 7 we conclude the results and present
some future research.

2. Basic concepts

2.1. Credibility theory

Since we use the credibility measure for evaluating portfolio
turnover, we review its definition and some properties in this
section.

Let n be a fuzzy variable with membership function l, and u, r
be two real numbers. Then, the credibility of n is defined as the
average of the possibility and necessity of fuzzy event:

Crfn 6 rg ¼ 1
2
ðPosfn 6 rg þ Necfn 6 rgÞ ð1Þ

where possibility and necessity, two other major fuzzy measure-
ments are defined as follows:

Posfn 6 rg ¼ Sup
u6r

lðuÞ ð2Þ

Necfn 6 rg ¼ 1� Posfn � rg ¼ 1� SUP
u�r

lðuÞ ð3Þ

2.2. Mean, variance, and the skewness of assets

Markowitz used mean and variance to evaluate an asset or a
portfolio. Generally speaking, the expected value and variance of
a portfolio represent the return and its risk, respectively.

Later, another criterion, skewness, was applied to evaluate an
asset (or a portfolio) for other concepts of a portfolio. Mathemati-
cally speaking, mean, variance, and skewness of an asset are the
first, second, and third central moment of that asset. In fact, since,
in the real world, the return of portfolios is asymmetric, the con-
cept of skewness was introduced to measure the asymmetry of
fuzzy portfolio. Therefore, skewness measurement is used to con-
trol the high risk of the portfolios with asymmetric return.

By definition, the expected value, variance and the skewness of
a fuzzy variable, n, with a finite expected value are defined as
follows:

EðnÞ ¼
Z þ1

0
Crfn P rgdr �

Z 0

�1
Crfn 6 rgdr ð4Þ

VðnÞ ¼ E½ðn� EðnÞÞ2� ð5Þ

SðnÞ ¼ E½ðn� EðnÞÞ3� ð6Þ

2.3. Example: trapezoidal uncertain variables

Without loss of generality, we assume the return of an asset to
be a trapezoidal fuzzy number with the following membership
function:

kðxÞ ¼

x�a
ðb�aÞ if a 6 x 6 b

1 if b 6 x 6 c
x�d
ðc�dÞ if c 6 x 6 d

8><
>: ð7Þ

where a, b, c and d are real numbers with a 6 b 6 c 6 d and for sim-
plicity it is represented by n = (a,b,c,d).

Let assume x1, x2, . . . , xn are n real numbers. By our notation,
f(x1, x2, . . . , xn) is defined as:

f ðx1; x2; . . . ; xnÞ ¼ 4h2 þ 3hwþ 4w2 þ 6qð2hþ wþ 2qÞ

þ ðw� 2qÞ3 þ ðw� 2qÞ2jw� 2qj
4ðhþ wÞ ð8Þ

where

h ¼
Xn

i¼1

xiðbi � ci þ di � aiÞ; w ¼
Xn

i¼1

xiðbi þ ci � di � aiÞ and q

¼
Xn

i¼1

xiðci � biÞ ð9Þ

where ai, bi, ci, di, i = 1, 2, . . . , n are given real numbers.
Suppose the ith security return is presented as ni = (ai,bi,ci,di),

i = 1, 2, . . . , n. Then, the expected value and variance can be con-
verted into the following deterministic programming (Liu, 2009):

Xn

i¼1

xini ¼
Xn

i¼1

xiai;
Xn

i¼1

xibi;
Xn

i¼1

xici;
Xn

i¼1

xidi

 !
ð10Þ

E
Xn

i¼1

xini

" #
¼ 1

4

Xn

i¼1

xiðai þ bi þ ci þ diÞ ð11Þ

V
Xn

i¼1

xini

" #
¼ 1

384
f ðx1; x2; . . . ; xnÞ ð12Þ

We also calculate the skewness of this portfolio as follows:

S
Xn

i¼1

xini

" #
¼
Pn

i¼1xiðdi � ci þ bi � aiÞ
� �2 �

Pn
i¼1xiðdi � ci � bi þ aiÞ

32

¼ �h2w
32

ð13Þ
2.4. Turnover volume

An important concern of many investors is to possess assets
that can be liquidated easily. The liquidity of an asset can be iden-
tified by its turnover rate, defined as follows:

l¼ the total volume of traded asset during a particular period
the total net asset value ðNAVÞ of the fund during a particular period

Furthermore, exchange market authorities and brokers benefit from
high turnover rate, because they earn more fees by high traded as-
set volume, rather than by asset price change. That is why they are
also willing to facilitate trading these assets more than other ones.
Therefore, turnover rate is an important criterion for investors. High
turnover rate of an asset is generally reflects its internal as well as
its external events. Moreover, there is a direct relation between
turnover volume and return on investment, see (Wermers, 2000;
Brennan and Titman, 1994; Liu et al., 2003).

Due to the importance of asset liquidity and due to the prefer-
ence of investors for the liquidity of their portfolio, we incorporate
turnover criterion in our proposed model. We also define that the
turnover rate of a portfolio consists of n assets as

Pn
i¼1lixi, where xi

is the total capital invested in ith asset, and li is its turnover rate. A
portfolio should be selected only if its turnover rate is not less than
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