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a b s t r a c t 

The aim of this paper is to introduce an extension of the inverse Weibull distribution which offers a more 

flexible distribution for modeling lifetime data. We extend the inverse Weibull distribution by Marshall–

Olkin method (MOEIW). Some statistical properties of the MOEIW are explored, such as quantiles, mo- 

ments and reliability. Moreover, the estimation of the MOEIW parameters is discussed by using Maximum 

Likelihood Estimation method. In addition, the estimation of the stress-strength parameter is discussed. 

Finally, the proposed extended model is applied on real data and the results are given which illustrate 

the superior performance of the MOEIW distribution compared to other models. 

© 2017 Egyptian Mathematical Society. Production and hosting by Elsevier B.V. 
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1. Introduction 

The inverse Weibull (IW) distribution has been used to model, 

many real life applications for example degradation of mechani- 

cal components such as pistons, crankshafts of diesel engines, as 

well as breakdown of insulating fluid [1] . Inverse Weibull distribu- 

tion with parameters α (scale parameter) and β (shape parameter) 

with cumulative distribution function and the probability density 

function of a random variable X are respectively given by 

F (x ) = e −αx −β
, x ≥ 0 , α > 0 , β > 0 (1) 

f (x ) = αβx −(β+1) e −αx −β
, x ≥ 0 , α > 0 , β > 0 . (2) 

Keller et al. [2] obtained the inverse Weibull model by investi- 

gating failures of mechanical components subject to degradation. 

Calabria and Pulcini [3] computed the maximum likelihood and 

least squares estimates of the parameters of the inverse Weibull 

distribution. They also obtained the Bayes estimator of the model 
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parameters as well as confidence limits for reliability and tolerance 

limits, see Calabria and Pulcini [4,5] and Johnson et al. [6] for addi- 

tional details. Khan et al. [7] presented some important theoretical 

properties of the inverse Weibull distribution. The generalizations 

of the inverse Weibull and related distributions with applications 

are given by Oluyede and Yang [8] . 

On the other hand, Marshall and Olkin [9] proposed a transfor- 

mation of the baseline (cdf) by adding a new parameter to obtain 

a family of distributions 

G (x ; θ ) = 

F (x ) 

1 − θ (1 − F (x )) 

−∞ < x < ∞ , θ > 0 , θ = 1 − θ . (3) 

Moreover, Marshall–Olkin method is used to obtain new dis- 

tributions and their properties are studied e.g., Alice and Jose 

[10] introduced Marshall–Olkin logistic processes, Gui [11] intro- 

duced Marshall–Olkin power lognormal distribution and studied 

its statistical properties of the new distribution. Cordeiro and 

Lemonte [12] studied some mathematical properties of Marshall–

Olkin extended Weibull distribution. Jose and Krishna [13] stud- 

ied the Marshall–Olkin extended Uniform distribution. Marshall–

Olkin Extended Lomax distribution was introduced by Ghitany 

et al. [14] . Okasha et al. [15] introduced Marshall–Olkin extended 
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generalized linear exponential distribution. Marshall–Olkin ex- 

tended Pareto distribution was introduced by Ghitany [16] , Ghitany 

et al. [17] conducted a detailed study of Marshall–Olkin extended 

Weibull distribution, that can be obtained as a compound distri- 

bution mixing with exponential distribution, and apply it to model 

censored data. 

The rest of the paper is organized as follows: In Section 2 , we 

define our proposed model namely the Marshall–Olkin extended 

inverse Weibull and its special cases are presented. In Section 3 , 

its reliability analysis is given. In Section 4 , its statistical proper- 

ties are given. In Section 5 , the parameters of this model are esti- 

mated using Maximum Likelihood Estimation method. The estima- 

tion of the stress-strength parameters are discussed in Section 6 . 

Finally, the proposed model is applied on real data and the results 

are given in Section 7 . 

2. New model 

In this section we will give the Marshall–Olkin extended inverse 

Weibull (MOEIW) distribution and some of its sub-models. 

2.1. MOEIW specification 

Let � = (α, β, θ ) and by substitution the cumulative function 

of inverse Weibull given by (1) in Marshall–Olkin given by (3) we 

get a new distribution denoted as MOEIW ( x, �) distribution with 

cdf given by 

G (x ;�) = 

e −αx −β

1 − θ (1 − e −αx −β ) 
, x ≥ 0 , � > 0 (4) 

which is equivalent to 

G (x ;�) = 

e −αx −β

θ − (θ − 1) e −αx −β
, x ≥ 0 , � > 0 . (5) 

its corresponding probability density function (pdf) is given by 

g(x ;�) = 

αβθx −(β+1) e −αx −β

[ θ − (θ − 1) e −αx −β ] 2 
, x ≥ 0 , � > 0 (6) 

Fig. 1 gives graphical representation of pdf for different values of 

α, β and θ . 

• Expansion for the density function 

For | z | < 1 and ρ > 0 , we have 

(1 − z) −ρ = 

∞ ∑ 

j=0 

�(ρ + j) 

�(ρ) j! 
z j (7) 

where �(.) is the gamma function. 

By using (7) the denominator in (6) can be expressed as 

(θ − (θ − 1) e −αx −β
) −2 = 

1 

θ2 

∞ ∑ 

j=0 

( j + 1)(1 − 1 

θ
) j e −α jx −β

Then 

g(x ) = 

∞ ∑ 

j=0 

1 

θ
(1 − 1 

θ
) j α( j + 1) βx −(β+1) e −α( j+1) x −β

2.2. MOEIW Sub-models 

Some of the sub-models of the MOEIW distribution are listed 

below: 

(i) When θ = 1, we have the inverse Weibull (IW) distribution. 

(ii) When θ = 1 and α= 1, we have the Fr ́e chet (F) distribution. 

(iii) When θ = 1 and β= 2, we have the inverse Rayleigh (IR) dis- 

tribution. 

(iv) When θ = 1 and β= 1, we have the inverse exponential (IE) 

distribution. 
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Fig. 1. plots of the PDF of the MOEIW distribution. 

3. Reliability analysis 

The reliability function (survival function) of MOEIW distribu- 

tion is given by 

G (x ;�) = 

θ (1 − e −αx −β
) 

θ − (θ − 1) e −αx −β
, x ≥ 0 , � > 0 . (8) 

3.1. Hazard rate function 

The hazard rate function(failure rate) of a lifetime random vari- 

able X with MOEIW distribution is given by 

h (x ;�) = 

αβx −(β+1) e −αx −β

(θ − (θ − 1) e −αx −β )(1 − e −αx −β ) 
, x ≥ 0 (9) 

Fig. 2 gives graphical representations of HRF for different values of 

α, β and θ . 

3.2. Mean residual life 

The mean residual life(MRL) function describes the aging pro- 

cess so, it is very important in reliability and survival analysis. The 

mean residual life(MRL) function of a lifetime random variable X is 

given by 

μ(x ) = 

1 

G (x ) 

∫ ∞ 

x 

t g(t ) dt − x, x > 0 

Theorem 3.1. The MRL function of a lifetime random variable X with 

MOEIW is given by 

μ(x ) = 

1 

G (x ) 

1 

θ
×

∞ ∑ 

j=0 

(
1 − 1 

θ

) j 

(α( j + 1)) 
1 
β γ

×
(

1 − 1 

β
, α( j + 1) x −β

)
− x, β > 1 (10) 

Proof. From definition of MRL, we get 

μ(x ) = 

1 

G (x ) 

∫ ∞ 

x 

1 

θ

∞ ∑ 

j=0 

(
1 − 1 

θ

) j 

α( j + 1) βt −βe −α( j+1) t −β
dt − x. 
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