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In this paper, we define some kinds of bifuzzy matrices, the max-min (o) and the min—
max (*) compositions of bifuzzy matrices are defined. Also, we get several important results by these
compositions. However, we construct an idempotent bifuzzy matrix from any given one through the
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1. Introduction

The concept of bifuzzy sets (or intuitionistic fuzzy sets) was
introduced by Atanassov [1] as a generalization of fuzzy sub-
sets. Later on, much fundamental works have done with this
concept by Atanassov [2,3] and others [4-7]. A bifuzzy rela-
tion is a pair of fuzzy relations, namely, a membership and a
non-membership function, which represent positive and nega-
tive aspects of the given information. This is why the concept
of bifuzzy relations is a generalization of the idea of fuzzy re-
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lations. The name “bifuzzy relations” is used for objects intro-
duced by Atanassov and originally called intuitionistic fuzzy re-
lations (see [1,2]). Bifuzzy relations are also called by some au-
thors “bipolar fuzzy relations” (see [6]). Since the concept of bi-
fuzzy relations is an extension for the concept of ordinary fuzzy
relations, the concept of bifuzzy matrices (which represent finite
bifuzzy relations) is also an extension for the concept of ordi-
nary fuzzy matrices.

In this paper, we study and prove some properties of bi-
fuzzy matrices throughout some compositions of these matrices.
However, we concentrate our attention for the two compositions
o (max—min) and its dual composition * (min—-max). We use the
definitions of some kinds of bifuzzy matrices such as nearly con-
stant, symmetric, nearly irreflexive and others to prove some re-
sults. One of these results enables us to construct an idempo-
tent bifuzzy matrix from any bifuzzy matrix and this is the main
result in our work. We also state the relationship between the
two compositions o and * of bifuzzy matrices.The motivation
for this paper is to study some kinds of finite bifuzzy relations
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throughout bifuzzy matrices by using the two compositions
o and .

2. Preliminaries and definitions

In system models which based on fuzzy sets, one often uses
fuzzy matrices (matrices with elements having values anywhere
in the closed interval [0, 1]) to define finite fuzzy relations.

When the related universes X and Y of a fuzzy relation R are
finite such that |X| =m, |Y| = n, a fuzzy matrix R = [r;;],
whose generic term r;; = ug(x;, y;) fori=1,2,...,mand j =
1,2, ..., n where the function ug: X x Y — [0, 1] is called the
membership function and r; is the grade of membership of the
element (x;, ;) in R.

Definition 2.1 [8.9]. Let A = [a;], ~and B=[b;] , be two
fuzzy matrices. Then the max—min composition (o) of 4 and B
is denoted by 4 o B and is defined as

AoB= [ “]mxl k\/(atk /\bkj)

The min—max composition (x) of 4 and B is denoted by A*B
and is defined as

AxB= [s,,]mxl /\(a,k\/bk/)

where Vv, A are the mdx1mum and minimum operations respec-
tively.

Definition 2.2 (bifuzzy matrix [6,10,11]). Let A =
[a; A" =1[a}] = be two fuzzy matrices such that
a + a;’/ < 1 forevery i <m,j < n. The pair (4’, A”) is called a
blfuzzy matrix and we may write 4 = [a;; = (a;;, a}’j)]mxn. The
numbers ¢;; and a}; denote the degree of membership and the
degree of non-membership of the ij" element in A4 respectively.
Thus the bifuzzy matrix 4 takes its elements from the set
F={<d,a>:d,a'"€0,1],d +a" <1}

For each bifuzzy matrix 4 of kind m x n, there is a fuzzy ma-
trix 7 4 associated with 4 such that ;; = 1 — a}; — aj); forevery i
< m,j <n. The number 7 is called the degree of indeterminacy
of the i element in A4 or called the degree of hesitancy of ;™
element in A. It is obvious that 0 <m; < 1foreveryi <m,j<n.
Especially, if 77;; = 0 for all i < m, j < n, then the bifuzzy matrix
A 1s reduced to the ordinary fuzzy matrix. Thus fuzzy matrices
are special cases from bifuzzy matrices.

Now, we define some operations on the set F defined above.

Fora=<d,d" >, b=<V,b" > F, we define:

anb=<min(d,b), max(d,b") >,

aVvb=<max(d,b), min(a’,b") >,

a“=<d',d >anda<bifandonlyifd <b',d’ >b",

<0,d"> if d<b,a <V,
a0b=1<0,1> if ad<b,d >"b,
<d,d" > ifd >"b.

We may write 0 instead of < 0, 1 > and 1 instead of <1, 0>.

For the bifuzzy matrices A = [a; = (aj,a])] ,B=
[bi; = (b’],bg’/)] ., and C= [c; = (c;j,c§ff)]nxm, let us define
the following matrix operations [8—11].

AN B=a; Aby,

AV B=a;V by,

40 B =[a; ©byl,

AxC = </\(alk\/ckj) \/(al,\/\ckj >]

AoC = |:<\/(“,k/\5k/) /\(alk VL,V >]

For simplictly write AC 1nstead of AoC. However,
A¥ = A4, where

4t = = @) @) ] = 414 and

Jj g
1ifi=j
_ 40 _ ,
L=A4"= {0 it i
A" = [a;] (the transpose of A),
A¢ = [a;; = (a;, a};)] (the complement of A),
A < Bif and only if a; < b;; for every i, j. < n.

3. Theoretical results of the paper

Definition 3.1  (reflexive, irreflexive bifuzzy matrix
[6,8.9,11]). An n x n bifuzzy matrix 4 = [a;;] is called re-
flexive (irreflexive) if and only if a; =1 (a; =0). It is also
called weakly reflexive (nearly irreflexive) if and only if a; > a;
(a;; < ay) for every i, j < n.

Lemma 3.2. Let A = [a,»j]nxn and B = [bj], x » be two nearly ir-
reflexive bifuzzy matrices. Then A B < AVB.

Proof. Let R=A* Band T = AV B. Then
i = </\ (ay Vb)), V (@j A b}é/)> and lij=<ayv
k=1 k=1

/ 4 !/
bl/, aj; N bij > . Now,

n
r;_l.z/\(a;kvb/ D <ay Vb <a;vb; =t and

/= \/(a;’kAbg,) > dj AB = ay A B =

= ’/ Thus, we have

rij §t,/andsoA*B§A\/B O
It is noted that A v B = Bfor 4 < B.

Lemma 3.3. Let A and B be two nearly irreflexive bifuzzy matri-
cesand A < B. Then Ax B < B.

Proof. By Lemma 3.2. [

Definition 3.4 (symmetric, asymmetric bifuzzy matrix [6,9]). An
n x n bifuzzy matrix 4 = [a,-_,-] is called symmetric if and only if
A = A" and it is also called asymmetric if and only if a;; A a;; =
0 for every i, j < n.

Remark. It should be noted that any asymmetric bifuzzy matrix
is also irreflexive.

Proposition 3.5. Let A = [a;;_(d};, a i )]nxn be a symmetric and
nearly irreflexive bifuzzy matrix. Then we have:

() AxA <A,
(2) A A is symmetric and nearly irreflexive,
(3) A? is weakly reflexive.

Proof. (1) By Lemmas 3.2 and 3.3.
(2) Suppose S = A4 x A. It is obvious that S is symmetric and
SO

Il
>=

/
Sii

n n
’ N ’ ’ rN o
! (ay vV ap;) = k/\l y = k/\l(aik Va) =s;;

and

/N — — //
Sii = k\/l (azk A akz) \/ Ll = \/ (az/» A ak/) S
Thus, 5;; < 5 and so tha.tS is nedrly irreflexive.

(3) Let T = A4°. Then
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