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Abstract In this paper, we have established the Taylor–Maclaurin coefficients | a 2 | and | a 3 | of 
the two new subclasses of bi-univalent functions using pseudo-starlike functions in the open unit disk 
U = { z : | z | < 1 } . 
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1. Introduction 

Let A denote the class of functions of the form 

f (z ) = z + 

∞ ∑ 

k =2 

a k z k (1.1) 
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which are analytic in the unit disc U = { z : | z | < 1 } . Let S 

denote the subclass of A, which consist of functions of the 
form (1.1) that are univalent and normalized by the conditions 
f (0) = 0 and f ′ (0) = 1 in U. 

A function f ∈ S is said to be starlike of order α(0 ≤ α < 1) 
if and only if 

Re 

{ 

z f 
′ 
(z ) 

f (z ) 

} 

> α, z ∈ U 

and convex of order α(0 ≤ α < 1) if and only if 

Re 

{ 

1 + 

z f 
′′ 
(z ) 

f ′ (z ) 

} 

> α, z ∈ U. 

Denote these classes respectively by S 

∗( α) and K ( α). 
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The Koebe one quarter theorem [1] asserts that the image 
of U under every univalent function f ∈ S contains a disk of 
radius 1 

4 . Thus every univalent function f ∈ S has an inverse f −1 , 

defined by f −1 [ f (z )] = z, (z ∈ U ) and f [ f −1 (w )] = w, (| w | < 

r 0 ( f ) ; r 0 ( f ) ≥ 1 
4 ) , where 

f −1 (w ) = w − a 2 w 

2 + (2 a 2 2 − a 3 ) w 

3 

−(5 a 3 2 − 5 a 2 a 3 + a 4 ) w 

4 + · · · . (1.2) 

A function f ∈ S is said to be bi-univalent in U if both f ( z ) 
and f −1 (z ) are univalent in U . Let � denote the class of bi- 
univalent functions in U given by (1.1) . Some functions in the 
class � are as below (see Srivastava et al. [2] ): 

z 
1 − z 

, −log(1 − z ) , 
1 
2 

log 
(

1 + z 
1 − z 

)
. 

However, the familiar Koebe function is not bi-univalent. 
The class � of bi-univalent functions was first investigated 

by Lewin [3] and it was shown that | a 2 | < 1.51. Brannan 

and Clunie [4] improved Lewin’s result and conjectured that 
| a 2 | ≤

√ 

2 . Later, Netanyahu [5] , showed that max f ∈ � | a 2 | = 

4 
3 . 

Brannan and Taha [6] also introduced certain subclasses of the 
bi-univalent function class � and obtained estimates for their 
initial coefficients. 

Recently, Srivastava et al. [2] , Frasin and Aouf [7] , Bansal 
and Sokol [8] and Srivastava and Bansal [9] are also introduced 

and investigated the various subclasses of bi-univalent functions 
and obtained bounds for the initial coefficients | a 2 | and | a 3 |. 
The coefficient problem i.e. bound of | a n | (n ∈ N \{ 1 , 2 } ) for each 

f ∈ � given by (1.1) is still an open problem. 
Babalola [10] defined the class L λ(β) of λ-pseudo-starlike 

functions of order β as below: 

Definition 1. [10] Let f ∈ A , suppose 0 ≤ β < 1 and λ ≥ 1 is real. 
Then f (z ) ∈ L λ(β) of λ-pseudo-starlike functions of order β in 

the unit disk if and only if 

Re 
(

z [ f ′ (z )] λ

f (z ) 

)
> β , (z ∈ U ) . 

Babalola [10] proved that, all pseudo-starlike functions are 
Bazilevi ̌c of type (1 − 1 

λ
) , order β( 1 

λ
) and univalent in open unit 

disk U . 

Motivated by this, we propose to introduce two new sub- 
classes of bi-univalent function class � and find estimates on 

the initial coefficients | a 2 | and | a 3 |. The techniques used are 
same as Srivastava et al. [2] and also we note that similar type 
of techniques for exp (−φ(ξ )) -expansion method used by Ab- 
delrehman et al. [11] and ( G 

′ 
G ) -expansion method, were used by 

Zayed and Gepreel [12] . These methods are used to find exact 
traveling wave solutions of nonlinear partial differential equa- 
tions in mathematical physics. 

In order to derive our main results, we have to recall here the 
following lemma. 

Lemma 1. [13] Let h ∈ P the family of all functions h analytic in 
U for which Re { h ( z )} > 0 and have the form 

h (z ) = 1 + p 1 z + p 2 z 2 + p 3 z 3 + · · ·

for z ∈ U. Then | p n | ≤ 2, for each n. 

2. Main results 

2.1. Coefficient bounds for the function class L B 

λ
�(α) 

Definition 2. A function f ( z ) given by (1.1) is said to be in the 
class L B 

λ
�(α) if the following conditions are satisfied: 

f ∈ �

and 

∣∣∣∣arg 
(

z [ f ′ (z )] λ

f (z ) 

)∣∣∣∣ < 

απ

2 
(z ∈ U ; 0 < α ≤ 1 , λ ≥ 1) (2.1) 

and 

∣∣∣∣arg 
(

w [ g ′ (w )] λ

g(w ) 

)∣∣∣∣ < 

απ

2 
(w ∈ U ; 0 < α ≤ 1 , λ ≥ 1) , (2.2) 

where the function g is extension of f −1 to U , and is given by 

g(w ) = w − a 2 w 

2 + (2 a 2 2 − a 3 ) w 

3 

−(5 a 3 2 − 5 a 2 a 3 + a 4 ) w 

4 + · · · . 

We call L B 

λ
�(α) be the class of strongly λ-bi-pseudo-starlike 

functions of order α. 
We begin by finding the estimates on the coefficients | a 2 | 

and | a 3 | for the function class L B 

λ
�(α) . 

Theorem 1. Let f ( z ) given by () be in the class L B 

λ
�(α) . Then 

| a 2 | ≤ 2 α√ 

(2 λ − 1)(2 λ − 1 + α) 
(2.3) 

| a 3 | ≤ 4 α2 

(2 λ − 1) 2 
+ 

2 α
(3 λ − 1) 

(2.4) 

Proof. Clearly, conditions (2.1) and (2.2) can be written as 

z [ f ′ (z )] λ

f (z ) 
= [ p(z ) ] α (2.5) 

and 

w [ g ′ (w )] λ

g(w ) 
= [ q (w ) ] α (2.6) 

respectively. 
Where p(z ) , q (w ) ∈ P and have the forms 

p(z ) = 1 + p 1 z + p 2 z 2 + p 3 z 3 + · · ·
and q (w ) = 1 + q 1 w + q 2 w 

2 + q 3 w 

3 + · · · . 

Clearly, 

[ p(z ) ] α = 1 + αp 1 z + 

(
α p 2 + 

α(α − 1) 

2 
p 2 1 

)
z 2 + · · ·

and [ q (w ) ] α = 1 + αq 1 w + 

(
αq 2 + 

α(α − 1) 

2 
q 2 1 

)
w 

2 + · · · . 
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