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A fractional model for the modified point kinetics equations is derived and analyzed. An
analytical method is used to solve the fractional model for the modified point kinetics equations. This
methodical technique is based on the representation of the neutron density as a power series of the
relaxation time as a small parameter. The validity of the fractional model is tested for different cases
of step, ramp and sinusoidal reactivity. The results show that the fractional model for the modified
point kinetics equations is the best representation of neutron density for subcritical and supercritical
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1. Introduction

The neutron density and the precursor concentrations of de-
layed neutrons at the center of a homogeneous nuclear reactor
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are described by a system of stiff coupled linear and/or non-
linear differential equations. An important peculiarity of the re-
actor kinetics is the stiffness of the system. A host of mathemat-
ical methods are developed to solve this system as a function
of neutron density with different energy groups of delayed neu-
trons. Although, it is still currently requires more effort from the
scientists to develops a new mathematical techniques and com-
putational scheme to overcome this problem. The continuous
indication of the neutron density and its rate of change are im-
portant for the safe startup, accurate determination of reactivity
effects and operation of reactors. Recently, the interest of the nu-
clear reactor scientists is the development and analysis of differ-
ent versions and approximations of the fractional-order point
reactor kinetics model for a nuclear reactor ”fractional neutron
point kinetics equations (FNPKE)”. For example: Espinosa-
Paredes, Polo-Labarrios, et al. [1-7]; Ray and Patra [8]; Nowak
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et al. [9,10]; and Schramm et al. [11]. Espinosa-Paredes et al.
[1] is the first scientific group derived the FNPKE. Aboanber
and Nahla commented on the paper [1] through letter to edi-
tor [12,13]. In this letter, the corrected form for the fractional
neutron point kinetics equations is developed. In this work we
focus on the derivation of the fractional modified point kinetics
equations (FMPKE) and its analytical solution. The developed
solution of the FMPKE is based on the representation of the
neutron density as a power series in terms of the relaxation time
as a small parameter, which is less than 1073 (s).

The presented paper is organized as follows: Section 2 con-
tains the derivation of the fractional modified point kinetics
equations. An analytical method based on the representation
of the neutron density as a power series of a small parameter is
presented in Section 3. A comparison between the neutron den-
sity of the fractional modified point kinetics equations and the
point kinetics equations is discussed in Section 4. The conclu-
sion is suggested in Section 5.

2. Fractional modified point Kkinetics equations (FMPKE)

The explicit forms taken by the neutron conservation equation
and the corresponding equation for the current density in the
one-speed case are [14]

%%fb(r, )+ VI, )+ X, t) = 2D, 1)+ S, 1), (1)

19 A A o A
7$J(r,t)+v./ QQ0(r, @, A + £ J(x, 1)
47

= o X J(r, 1) + Si(r, 1) (2

where ¢(r, Q, t) is the time dependent angular flux, as a func-
tion of space r and neutron direction of motion Q, D, 1) =
[ 0, €, 1)d<Q is zero moment of the angular flux represents
the neutron density, whereas the first moment of the angular
flux J(r, 1) = /;m fZ(p(r, Q, 0dQ represents the neutron current
density, v is the neutron speed, ¥, is thE: total cross section, X

is the scattering cross section, fip = (€.€Q) is the average scatter-
ing angle cosine, S(r, 1) = f4” S(r, 2, 1)d< is the neutron source
term and S| (r,7) = f4ﬂ QS 2, 1)dQ is first moment of the
neutron source.

Assume that the angular flux is only linearly anisotropic and
the neutron source is isotropic, that is V. f% QQ(p(r, Q. 0dQ =
%Vd>(r, t) and S;(r, 1) = 0. The system of Egs. (1) and (2) take
the following form
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where ¥, = X, — X, is the time dependent absorption cross sec-

tion, ¥, is the total cross section, X is the scattering cross sec-
tion, ¥,, = X, — 19X, is the transport cross section.

Egs. (3) and (4) representing the P, approximation (i.e. the
one-speed approximation). To simplify this system of equdtions
Fick’s suggested for Eq. (4) that the time derivative & 3 tJ (r, 1)
can be neglected in comparing with the other terms [14], which
contradicts Cattaneo’s law [15]. Let us divide Eq. (4) by Z,,
and taking the fractional derivative on the first term as follows

[16,17]:

= —DVd(r,1) (5)
where D = % is the neutron diffusion coefficient and t =
% 3D s the relaxation time.

Substltutlng from Eq. (5) into Eq. (3) yields
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The neutron diffusion equations with delayed neutrons are
obtained by adding the source term of reactor kinetics with 7
groups of delayed neutrons as follow:
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total fraction of delayed neutrons, §; is the fraction of i-group
of delayed neutrons, v is the mean number of fission neutrons,
>, is the fission cress section, 4, is the decay constant of i-group
of delayed neutrons, 7 is the total number of delayed neutron
groups and Ci(r, t) is the precursor concentrations of i-group of
delayed neutrons which satisfy the following equations

WZ}%UE/(D(LI)—A,C,(LI), l=1,2,,1 (8)
Consider that:
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where ¢(r) is the fundamental function, which is obtained from
the diffusion equation:

V2p(r) + Bip(r) =0 (10)

Bz, is the geometric buckling appropriate for the reactor geome-
try (Table 3.3, page (60), [18]).

Using Eq. (10) in Egs. (7) and (8) leads to the fractional mod-
ified point kinetics equations with multi-group delayed neutrons
as
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where p(7) is the neutron density, p= is the time

= is the d1ffus1on length, A =

dependent reactivity, L> =

vv): r
is the prompt neutron generatlon time, o = vDBﬁ, ni = A L and
the initial conditions of this differential equations are p(0) =

po. a0 =1%py, =123 .1
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