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Abstract

In the recent study, we utilize a differential-difference operator in a complex domain to define some new classes of analytic
functions. A modification of the differential-difference operator in the open unit disk is formulated in order to impose some
geometric properties. The modified operator is studied in the Hardy space. Additionally, we define a new subspace of the Hardy
space comprising the normalized analytic functions with the set of all bounded functions. We shall validate that the modified
operator is closed in the subspace of normalized functions with the bounded first derivative. Our proofs are based on the Jack
Lemma.
© 2017 The Author. Production and hosting by Elsevier B.V. on behalf of University of Kerbala. This is an open access article under
the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

The concept of derivatives of functions plays a
significant role in the theory of mathematical analysis
and its branches, especially the geometric function
theory. This brings us to find out some properties of a
function and its behavior. The derivatives of a function
can be formulated in various methods, such as classes,
operators, equations (differential) and inequalities. Our
study is in the differential operator theory. This theory
deals with operators that defined by derivatives of the
functions. Simply, the differential operator is an oper-
ator with derivatives. There are many applications in
this direction, it can be seen in various parts of science,
engineering and medicine. Moreover, applications can

be found in social, music and art studies. There are two
types of the differential operators depending on the
definition of the derivative. These types are analytic
and difference form. Our investigation is about the
mixed differential-difference operators.

In 1989 Dunkl [1] introduced a differential-
difference operator, which is connected to the theory
of sampling signals (multi-body systems). The dynam-
ical features of this operator are investigated in many
literatures such as [2]. Dunkl operator characterizes a
significant generalization of partial derivatives and
achieves the commutative law in Rn. In geometry, it
achieves the reflexive relation, which is mapping the
space into itself as a set of fixed points (see Refs. [3e5]).

In this study, we utilize a differential-difference
operator in a complex domain to define some new
classes of analytic functions. A modification of theE-mail address: rabhaibrahim@yahoo.com.
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differential-difference operator in the open unit disk is
formulated in order to impose some geometric proper-
ties. Themodified operator is studied in theHardy space.
Additionally, we define a new subspace of the Hardy
space comprising the normalized analytic functionswith
the set of all bounded functions. We shall validate that
the modified operator is closed in the subspace of
normalized functions with the bounded first derivative.
Our proofs are based on the Jack Lemma.

2. Processing

Let U :¼ fz : jzj< 1g be the open unit disk of the
complex plane and H(U) be the space of holomorphic
functions on the open unit disk. A holomorphic
function

fðzÞ ¼
X∞
n¼0

anz
n; z2U

on the open unit disk belongs to the Hardy space H2(U),
if its sequence of power series coefficients is square-
summable:

H2ðUÞ ¼
(
f2HðUÞ :

X∞
n¼0

j4nj2<∞

)
:

Consequently, it can be defined a norm on H2(U) as
follows [5]:

kfk2H2ðUÞ ¼
X∞
n¼0

j4nj2:

Since L2(U) is Banach space, then H2(U) is also a
Banach space on U. In the sequel, we deal with a
subset of analytic function, which are normalized as
follows: f(0) ¼ 0 and f0(0) ¼ 1. Therefore, f is
defined as follows:

fðzÞ ¼ zþ
X∞
n¼2

4nz
n; z2U:

We denote this class by A(U). For f,j2A(U), the
convolution product, (*) is defined by

ðf*jÞðzÞ ¼
 
zþ
X∞
n¼2

4nz
n

!
�
 
zþ
X∞
n¼2

wnz
n

!

¼ zþ
X∞
n¼2

4nwnz
n:

It is clear thatA(U)3H(U) achieving the above norm.
The space H∞ is known as the vector space of bounded
holomorphic functions on U, achieving the norm

jjfjjH∞ ¼ sup
jzj<1

jfðzÞj; f2HðUÞ:

Obviously,

H2ðUÞ3H∞; f2HðUÞ:

We wish to establish a modified differential-
difference operator, based on the Dunkle operator in
the open unit disk. First, the Dunkle operator is defined
as follows on the space of holomorphic functions
ðLa : HðUÞ/HðUÞÞ:

ðLafÞðzÞ ¼ f0ðzÞ þ 2aþ 1

z

�
fðzÞ �fð�zÞ

2

�
�
z2Uyf0g;f2HðUÞ; 0 ¼ d

dz
;a>

�1

2

�
:

ð1Þ

Note that for f2A(U), we have

ðLafÞðzÞ ¼ 2ðaþ 1Þ þ
X∞
n¼2

An;az
n�1; z2U:

We proceed to define the Dunkle operator in the
class A(U). For f2A(U), we construct the modified
Dunkle operator Ta:A(U)/A(U)

ðTafÞðzÞ :¼ zðLafÞðzÞ
2ðaþ 1Þ

¼
z
h
f0ðzÞ þ 2aþ 1

z

�
fðzÞ �fð�zÞ

2

��
2ðaþ 1Þ

¼ zþP∞
n¼2

lnz
n;

ð2Þ

where

l2 ¼ 42

aþ 1
; l3 ¼ ðaþ 2Þ43

aþ 1
;…:

In general, we have

ln ¼

8>><
>>:

n

2ðaþ 1Þ4n if n is even

2aþ nþ 1

2ðaþ 1Þ 4n if n is odd
:

Obviously, Ta2A(U). Let S2(U) be the space
defined by

S2ðUÞ :¼ �f2HðUÞ : f02H2ðUÞ�
end with the norm

kfk2S2ðUÞ :¼ jjfjj2H2ðUÞ þ kf0k2H2ðUÞ:
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