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Abstract

This study investigates accuracy of the He's variational approach with a rational trial function to obtain the frequency of
conservative nonlinear oscillations. This method utilizes a semi-inverse method to establish variational principles from the gov-
erning equations. Four illustrative examples are considered, the restoring force of the studied cases has non-integer and cubic power
terms as well as discontinuities. The last case considers the mathematical model of nonlinear oscillations of an elevator cable. The
results demonstrate the usefulness and merit of the algorithm.
© 2016 The Author. Production and hosting by Elsevier B.V. on behalf of University of Kerbala. This is an open access article under
the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

Nonlinear oscillations arise in various areas of en-
gineering and applied sciences [1]. The accurate pre-
diction of it has been a notable topic. Therefore,
numerous researchers have been exerted perturbative
and non-perturbative procedures to find a precise
amplitudeefrequency relationship. El-Borgi et al. [2]
considered the free and forced vibration response of
simply-supported functionally graded (FG) nanobeams
resting on a non-linear elastic foundation using the
direct and discretized method of multiple scales
(MMS). Elmas and Boyaci [3] introduced a perturba-
tion algorithm using a new variable transformation.
Daeichin et al. [4] employed a rational initial guess and

combined it with energy balance and collocation
methods for solving nonlinear oscillators with cubic
term. Kanani et al. [5] investigated the effect of
nonlinear elastic foundation on the frequency and time
responses by the variational iteration method (VIM).
Belendez et al. [6] analyzed the Duffing oscillator using
a modified rational harmonic balance method. You-
nesian et al. [7] employed the frequencyeamplitude
formulation and the energy balance method to solve the
generalized Duffing equation. Cveticanin et al. [8]
focused on solving a generalized second-order
strongly nonlinear differential equation which de-
scribes the motion of a conservative oscillator with
restoring force of series type with integer and non-
integer displacement functions. Yazdi and Tehrani [9]
improved accuracy of the energy balance via Jacobi
collocation method to conservative nonlinear oscilla-
tors. Khan et al. [10] carried out a frequency analysisE-mail address: ckalami@gmail.com.
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on a generalized conservative nonlinear equation uti-
lizing two kinds of the frequencyeamplitude formula-
tion. Sedighi and Shirazi [11] used the parameter
expansion method to predict the nonlinear vibrational
behavior of micro-beams actuated by an electric field.

He [12] introduced the variational approach to
determine the frequencyeamplitude relation of some
nonlinear oscillators using the semi-inverse [13] and
the Ritz's methods. Thenceforth, researchers success-
fully applied the approach to several nonlinear prob-
lems [14e17]. Among the applications of this
approach, one may refer to solutions of the generalized
Zakharov [18,19], the Thomas-Fermi [20], the Benja-
mineBonaeMahony and the Kawahara equations [21].
Moreover, it is effective for studying on nonlinear vi-
bration of an eccentrically reinforced cylindrical shell
[22], investigation of the nonlinear frequency of pro-
tein microtubules embedded in the cytoplasm [23],
analysis of piezoelectric nanobeams [24], obtaining
natural frequency of nonlocal functionally graded (FG)
beams resting on nonlinear elastic foundation [25] and
closed-form solutions for the nonlinear vibration fre-
quency of FG microplates based on the modified
couple stress theory [26]. In additional, He proposed
different asymptotic techniques such as the homotopy
perturbation method [27,28], the maxemin approach
[29,30], the amplitudeefrequency formulation [7,31]
and the variational iteration method [5,32] to weakly
& strongly nonlinear equations. It should be noted an
elementary review regarding to these approaches can
be found through Refs. [33e35].

Mickens [36] provided a general framework for
determining higher order corrections to the method of
harmonic balance using a rational trial function. The aim
of the current study is to examine the applicability and
suitability of the rational trial functionwith thevariational
approach. The results reveal the combination causes a
good accuracy to the studied nonlinear oscillators.

The rest of the manuscript is arranged as follows.
Summary of the rational variational approach (RVA) is
given in Section 2. The studied cases are scrutinized in
Section 3. Section 4 ends the studywith a brief corollary.

2. Solution procedure

This section overviews the outline of the rational
variational approach (RVA). Consider a general
nonlinear oscillator as follows:

u
00 þ f ðuÞ ¼ 0; uð0Þ ¼ A; u0ð0Þ ¼ 0: ð1Þ

By assuming a rational trial function as follows:

uðtÞ ¼ Að1þBÞcosðutÞð1þB cosð2utÞÞ�1
; ð2Þ

the variational form of Eq. (1) can be established as
follows:

J ¼
Z t

0

�
� 1

2
u02 þFðuÞ

�zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{G A;B;u;tð Þ

dt; vF=vu¼ f : ð3Þ

where GðA;B;u; tÞ is a gained function when Eq. (2) is
substituted into Eq. (3).

As jBj≪1, it is possible to replace G with its Taylor
series expansion as follows:

GðA;B;u; tÞ ¼
X∞
z¼0

gzðA;u; tÞBz; ð4Þ

where

gzðA;u; tÞ ¼ 1

z!

�
vzGðA;B;u; tÞ

vBz

�
B¼0

: ð5Þ

This study considers the following approximation:

bGðA;B;u; tÞ ¼
X4

z¼0

gzðA;u; tÞBz

¼ g0ðA;u; tÞ þ g1ðA;u; tÞBþ/

þ g4ðA;u; tÞB4: ð6Þ

Therefore, Eq. (3) reduces to:

bJ ¼
ZT=4
0

bGdt; T ¼ 2pu�1: ð7Þ

By setting vbJ
vA ¼ 0 & vbJ

vB ¼ 0; one may attain a pair of

frequencies (i.e., uð1Þ & uð2Þ). By equating the fre-
quencies for a value of initial amplitude, the parameter of
B that generally depends on A is acquired. To elucidate
the capability of the approach, the technique is exercised
to some cases in the next section. The outcomes reveal
the present method has an excellent accuracy.

3. Examples

The rational variational approach (RVA) is applied
to four cases in this section. The restoring force of the
first case has a fractional power term. An antisym-
metric form is considered in the second case and the
third case corresponds to the cubic Duffing with
discontinuity. The last case displays the mathematical
model of nonlinear oscillations of an elevator cable in a
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