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a  b  s  t  r  a  c  t

A  group  decision  making  (GDM)  model  is  proposed  when  the experts  evaluate  their  opinions  through
triangular  fuzzy  numbers.  First, it is pointed  out  that  the  preference  relations  with  triangular  fuzzy  num-
bers are  inconsistent  in  nature.  In  order  to distinguish  the  typical  consistency,  the concept  of  additive
approximation-consistency  is  proposed  for triangular  fuzzy  additive  reciprocal  matrices.  The  properties
of triangular  fuzzy  additive  reciprocal  matrices  with  additive  approximation-consistency  are  studied
in  detail.  Second,  using  (n − 1) restricted  preference  values,  a triangular  fuzzy  additive  reciprocal  prefer-
ence  relation  with  additive  approximation-consistency  is  constructed.  Third,  a novel  compatibility  degree
among  triangular  fuzzy  additive  reciprocal  preference  relations  is  defined.  It is further  applied  to  intro-
duce the  compatibility-degree  induced  ordered  weighted  averaging  (CD-IOWA)  operator  for  generating
a  collective  triangular  fuzzy  additive  reciprocal  matrix  with  additive  approximation-consistency.  Finally,
a new  algorithm  for the  group  decision-making  problem  with  triangular  fuzzy  additive  reciprocal  pref-
erence  relations  is  presented.  A  numerical  example  is carried  out  to  illustrate  the  proposed  definitions
and  algorithm.

© 2018  Elsevier  B.V.  All  rights  reserved.

1. Introduction

Owing to the increasing complexity of socio-economic envi-
ronments, it is less and less possible for an expert to consider all
relevant aspects of a decision making problem. Therefore, many
organizations employ multiple experts to reach a decision, which
is called as group decision making (GDM). To model GDM problems,
all the experts may  evaluate their judgements by using prefer-
ence representation formats, such as fuzzy preference relations
[1–3], multiplicative preference relations [4–6], linguistic frame
work [7,8] and so on.

It is noted that a precise numerical value can not reflect the
incomplete and vague knowledge of the expert’s preference level.
To model uncertainty in practical problems, various theories have
been proposed such as the probability theory and the possibil-
ity theory [9,10]. In the context of possibility theory, the fuzzy
set theory can be utilized to rationalize uncertainty associated
with vagueness in a manner analogous to human thought [11,12].
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The vagueness experienced by decision makers can be quanti-
fied as possibility distributions in terms of set memberships and
further processed such as reasoning and optimizing by virtue
of an evolutionary algorithm [5,13,14]. These set memberships
include interval numbers, triangular fuzzy numbers, trapezoidal
fuzzy numbers, L-R fuzzy numbers and others [15]. Some of the
above fuzzy formats have been conveniently assumed to be uti-
lized by the experts in a GDM process [16]. In order to distinguish
two cases of reciprocal properties, the terminologies of additive
and multiplicative reciprocal matrices have been proposed [17].
Then different preference formats have been given such as interval
additive reciprocal preference relations [18,19], interval multi-
plicative reciprocal preference relations [20,21], triangular fuzzy
multiplicative reciprocal preference relations [22,23], trapezoidal
fuzzy multiplicative reciprocal preference relations [24] and oth-
ers. Moreover, in investigating decision making problems, one of
the important issues is the consistency of preference relations
[25,26] in order to avoid self-contradiction of decision makers.
It has attracted much attention and many definitions of con-
sistent preference relations have been presented. For example,
there are consistent multiplicative reciprocal preference relations
[4], additive reciprocal preference relations with multiplicative
and additive consistency [1,27], consistent interval multiplicative
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reciprocal preference relations [28,29], interval additive reciprocal
preference relations with multiplicative and additive consistency
[30–32], consistent triangular fuzzy multiplicative reciprocal pref-
erence relations [33,34] and triangular fuzzy additive reciprocal
preference relations with multiplicative consistency [35,36]. It is
seen that the above consistency definitions of preference relations
are based on the typical idea of consistency. Recently, by comparing
the ideas of fuzzy sets and typical consistency, it is pointed out that
interval-valued matrices are inconsistent in nature and the novel
concept of approximate consistency has been proposed in [37,38].
Motivated by the idea in [37], one can see that the preference rela-
tions with triangular fuzzy numbers are also inconsistent in nature
[39]. It is very interesting and important to define the approxi-
mate consistency of triangular fuzzy additive reciprocal preference
relation, then to address its application in a GDM problem.

The objective of this paper is to present a novel model
for GDM with triangular fuzzy additive reciprocal matrices.
The main novelty is to give the new concept of additive
approximation-consistency of triangular fuzzy additive recipro-
cal matrices. The randomness experienced by decision makers
in pairwisely comparing the alternatives and the additive reci-
procity of preference relations are considered. Furthermore, from
(n − 1) restricted triangular fuzzy preference values, the trian-
gular fuzzy additive reciprocal preference relation with additive
approximation-consistency is constructed. A novel IOWA opera-
tor is presented to aggregate triangular fuzzy additive reciprocal
preference relations based on the compatibility degrees. The aggre-
gation of the decision makers’ preference relations follows the idea
that the more importance is given to that with the more com-
patibility degree. In what follows, we give the structure of this
paper. Section 2 introduces the preliminaries. In Section 3, a new
definition of triangular fuzzy additive reciprocal preference rela-
tions with additive approximation-consistency is proposed and the
properties are studied in detail. Section 4 shows a new method of
constructing triangular fuzzy additive reciprocal preference rela-
tions using only (n − 1) restricted preference values. The CD-IOWA
operator is proposed for the aggregation of individual triangular
fuzzy additive reciprocal matrices. In Section 5, a new algorithm
is presented for the GDM problems with triangular fuzzy additive
reciprocal matrices. A numerical example is offered to illustrate
the proposed definitions and methods. The main conclusions are
covered in Section 6.

2. Preliminaries

It is considered that a GDM problem is with a finite set of alter-
natives X = {x1, x2, . . .,  xn}(n ≥ 2). The alternatives would be ranked
from the best to the worst by making use of preference relations
provided by a group of experts E = {e1, e2, . . .,  em}(m ≥ 2). Each
expert ek compare every pair of alternatives to give a preference
value in decision making processes according to the analytic hierar-
chy process (AHP) [4]. In what follows, prior to giving the definition
of triangular fuzzy additive reciprocal preference relations, let us
firstly recall the definition of additive reciprocal preference rela-
tions [1,40]. An additive reciprocal preference relation B on a set of
alternatives X is a fuzzy subset on the product set X × X, which is
characterized by a membership function

�b : X × X → [0,  1].

The preference relation may  be conveniently expressed as the
matrix B = (bij)n×n, where bij is represented by bij = �b(xi, xj) and
it is interpreted as the preference ratio of the alternative xi over xj,
for all i, j = 1, 2, . . .,  n. For example, bij = 1/2 indicates that there is no
difference between xi and xj (xi ∼ xj); bij = 1 means that xi is abso-
lutely preferred to xj, and 1/2 < bij < 1 implies that xi is preferred

to xj(xi � xj). Furthermore, the preference relation B is typically
assumed to have the additive reciprocity as follows:

bij + bji = 1, ∀i, j = 1, 2, . . .,  n.

Moreover, to make a reasonable decision, a decision maker
should know how to define, check and improve the consistency
of preference relations. Consequently, the consistency properties
of additive reciprocal preference relations have been studied com-
prehensively [1]. Those properties include the triangle condition,
the weak transitivity, the max–max transitivity, the restricted
max–min transitivity, the restricted max–max transitivity, and the
additive transitivity. The additive transitivity of additive reciprocal
preference relations can be considered as the equivalent concept of
Saaty’s consistency of multiplicative reciprocal preference relations
[41]. As shown in the following definition, an additive reciprocal
preference relation with additive transitivity is called as an additive
preference relation with additive consistency [1,27].

Definition 1. An additive reciprocal preference relation B =
(bij)n×n is considered to be additively consistent, if it satisfies the
following additive transitivity

bij = bik + bkj − 0.5, ∀i, j, k = 1, 2, . . .,  n.

It is seen that in modeling GDM problems by additive recip-
rocal preference relations, all the experts are required to provide
crisp preference ratios. The requirement is always impossible to
meet for the reason that the experts may have some difficulties to
evaluate their opinions using real numbers due to the complex-
ity and vagueness involved in real world decision problems and
their incomplete information or knowledge. To rationalize uncer-
tainty associated with vagueness, the fuzzy set theory is feasible
[11]. Triangular fuzzy number is one of the major components and
it is more natural than a precise value in simulating uncertainty
associated with vagueness. For example, in a real situation such
as comparing projects with respect to criteria, the decision maker
may  lack information about the considered problem. Then her/his
incomplete understanding of the problem leads to the vagueness
about the estimation of the preference intensity of xi over xj. To
quantify the vagueness, the expert faithfully expresses the lower
point of the preference intensity, the upper point, and the most
probable point respectively [16]. It means that the expert proposes
a triangular fuzzy number to evaluate her/his judgements [22,23].
A fuzzy number Q on R  is said to be a triangular fuzzy number if its
membership function Q (x) : R  → [0,  1] is equal to

Q (x) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

x − l

m − l
, l ≤ x ≤ m

u − x

u − m
, m ≤ x ≤ u

0, otherwise

, (1)

where l and u represent the lower and upper bounds of the fuzzy
number Q, respectively, and m is the median value. The triangular
fuzzy number is shown in Fig. 1 and denoted as Q = (l, m,  u) for the
sake of simplicity.

In addition, letting Q1 = (l1, m1, u1) and Q2 = (l2, m2, u2) be two tri-
angular fuzzy numbers, one has the following simplified operation
laws [12]:

• Triangular fuzzy number addition ⊕:

Q1 ⊕ Q2 = (l1, m1, u1) ⊕ (l2, m2, u2) = (l1 + l2, m1 + m2, u1 + u2).

(2)
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