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Abstract

This article considers a unilateral contact problem for the wave equation. The problem is reduced to a variational inequality
for the Dirichlet-to-Neumann operator for the wave equation on the boundary, which is solved in a saddle point formulation using
boundary elements in the time domain. As a model problem, also a variational inequality for the single layer operator is considered.
A priori estimates are obtained for Galerkin approximations both to the variational inequality and the mixed formulation in the case
of a flat contact area, where the existence of solutions to the continuous problem is known. Numerical experiments demonstrate
the performance of the proposed mixed method. They indicate the stability and convergence beyond flat geometries.
c⃝ 2018 Elsevier B.V. All rights reserved.
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1. Introduction

Contact problems play an important role in numerous applications in mechanics, from fracture dynamics and crash
tests to rolling car tires [1]. As the contact takes place at the interface of two materials, for time-independent problems
boundary elements and coupled finite/boundary elements provide an efficient and much-studied tool for numerical
simulations [2,3]. The analysis of such problems is well-understood in the context of elliptic variational inequalities.

While contact for time-dependent problems is of clear practical relevance, neither its analysis nor rigorous
boundary element methods have been much explored. There is an extensive computational literature, including
[4–9], but analytically even the existence of solutions to these free boundary problems is only known for flat contact
area [10,11]. Some rigorous results have recently been obtained for Nitsche stabilized finite elements [12].
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In this work we propose a time domain boundary element method for a 3d dynamic contact problem in the case
of the scalar wave equation, as a model problem for elasticity. We provide a priori error estimates for our numerical
scheme in the case of a flat contact area, and our numerical experiments indicate the convergence and efficiency also
for curved contact geometries. Motivating references from the time-independent setting include [13,14].

For the precise statement of the problem, consider a Lipschitz domain Ω ⊂ Rn with boundary Γ = ∂Ω , where
either Ω is bounded or Ω = Rn−1. Let G be a bounded Lipschitz subset of Γ . We consider a unilateral contact problem
for the wave equation for the displacement w : R × Ω → R. It corresponds to a simplified model for a crack in G
between Ω and a non-penetrable material in Rn

\Ω . The contact conditions for non-penetration are described in terms
of the traction −µ ∂w

∂ν

⏐⏐
G and prescribed forces h:⎧⎪⎪⎨⎪⎪⎩

w|R×G ≥ 0, − µ
∂w

∂ν

⏐⏐
R×G ≥ h,

w|R×G > 0 H⇒ − µ
∂w

∂ν

⏐⏐
R×G = h.

(1)

The full system of equations for the contact problem is given by:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂2w

∂t2 = c2
s∆w, for (t, x) ∈ R× Ω ,

w = 0, on R× Γ \ G,

w ≥ 0, − µ
∂w

∂ν
≥ h, on R× G,(

−µ
∂w

∂ν
− h

)
w = 0, on R× G,

w = 0, for (t, x) ∈ (−∞, 0)× Ω

(2)

where cs denotes the speed of the wave. While we focus on the physically relevant three dimensional case, n = 3,
the analysis of the numerical schemes can be adapted to n = 2. Like for time-independent contact, a formulation as a
nonlinear problem on the contact area G leads to efficient numerical approximations.

In this article we formulate (2) as a variational inequality on G in terms of the Dirichlet-to-Neumann operator
(12) for the wave equation. Similar to time-independent problems, the Dirichlet-to-Neumann operator is computed in
terms of boundary integral operators as 1

2 (W − (1− K ′)V−1(1− K )), where V, K , K ′ and W are the layer potentials
defined in (7)–(10). Because the contact area and contact forces are often relevant in applications, we replace the
variational inequality for the Dirichlet-to-Neumann operator by an equivalent mixed system, which we discretize
with a time domain Galerkin boundary element method. The resulting discretized nonlinear inequality in space–time
simultaneously approximates the displacement w and the contact forces −µ ∂w

∂ν
on G. It is solved with a Uzawa

algorithm, either as a time-stepping scheme or in space–time.
The resulting boundary element method is analyzed in the case of a flat contact area, a situation where the existence

of solutions to the contact problem (2) is known. We obtain a priori estimates for the numerical error, both for the
variational inequality and a mixed formulation:

Theorem 1. Let h ∈ H
3
2
σ (R+, H−

1
2 (G)) and let u ∈ H

1
2
σ (R+, H̃

1
2 (G))+, respectively u∆t,h ∈ K̃+t,h ⊂

H
1
2
σ (R+, H̃

1
2 (G))+ be the solutions of the continuous variational inequality (21), respectively its discretization (22).

Then the following estimate holds:

∥u − u∆t,h∥
2
−

1
2 ,

1
2 ,σ,⋆

≲σ inf
φ∆t,h∈K̃+t,h

(∥h − pQSσu∥ 1
2 ,−

1
2 ,σ
∥u − φ∆t,h∥− 1

2 ,
1
2 ,σ,⋆
+ ∥u − φ∆t,h∥

2
1
2 ,

1
2 ,σ,⋆

). (3)

This result is shown as Theorem 10 in Section 5.

Theorem 2. The discrete mixed formulation (31) of the contact problem admits a unique solution. The following a
priori estimates hold:

∥λ− λ∆t2,h2∥0,− 1
2 ,σ

≲ inf
λ̃∆t2,h2

∥λ− λ̃∆t2,h2∥0,− 1
2 ,σ
+ (∆t1)−

1
2 ∥u − u∆t1,h1∥− 1

2 ,
1
2 ,σ,∗

, (4)
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