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Spatial interactions such as migration and airline transportation naturally form a location-to-location
network (graph) in which a node represents a location (or an area) and a link represents an interaction
(flow) between two locations. Locational measures, such as net-flow, centrality, and entropy, are often
derived to understand the structural characteristics and the roles of locations in spatial interaction net-
works. However, due to the small-area problem and the dramatic difference in location sizes (such as
population), derived locational measures often exhibit spurious variations, which may conceal the under-
lying spatial and network structures. This paper introduces a new approach to smoothing locational mea-
sures in spatial interaction networks. Different from conventional spatial kernel methods, the new
method first smoothes the flows to/from each neighborhood and then calculates its network measure
with the smoothed flows. We use county-to-county migration data in the US to demonstrate and evaluate
the new smoothing approach. With smoothed net migration rate and entropy measure for each county,
we can discover natural regions of attraction (or depletion) and other structural characteristics that the
original (unsmoothed) measures fail to reveal. Furthermore, with the new approach, one can also smooth
spatial interactions within sub-populations (e.g., different age groups), which are often sparse and impos-
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sible to derive meaningful measures if not properly smoothed.

© 2013 Elsevier Ltd. All rights reserved.

1. Introduction

Spatial interactions, such as migration and airline travel, natu-
rally form a location-to-location network (graph). In the network
a node represents a location (or an area) and a link represents an
interaction (flow) between two locations. Locational measures,
including both simple ones such as in-flow, out-flow, and net-flow
and more complicated ones such as centrality, entropy and assort-
ativity, are often derived to understand the structural characteris-
tics and roles of locations in generating interactions. However, due
to the dramatic differences in size (such as population) among
locations and the small-area problem, locational measures derived
with the original flow data often exhibit spurious variations and
may not be able to reveal the true underlying spatial and network
structures.

Scaling approaches such as iterative proportional fitting proce-
dure (IPFP) are often employed (Clark, 1982; Pandit, 1994) to re-
move the confounding effects of origin and destination sizes on
flows. However, such transformation procedures may distort the
relative significances of nodes in a network (Fischer, Essletzbichler,
Gassler, & Trichtl, 1993; Holmes, 1978). Alternatively, several stud-
ies have applied existing spatial kernel smoothing methods to re-
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move spurious data variations (Porta et al., 2009; Sohn & Kim,
2010), which treat a locational measure (e.g., centrality) as a regu-
lar attribute and apply a traditional spatial kernel smoothing meth-
od to directly smooth the derived measure values. However,
directly smoothing the measure values may generate unreliable
or even misleading results for two main reasons. First, the original
measure values may be unstable due to varying unit sizes and
small flows between units. Second, traditional smoothing methods
do not differentiate flows within and beyond a neighborhood and it
is inappropriate to directly smooth original locational measures.
For example, the net flow ratio (i.e., net flow/total flow) for a neigh-
borhood (i.e., a group of contiguous spatial units) cannot be calcu-
lated as the average of unit-level net flow ratios within the
neighborhood.

We introduce a new approach to smoothing locational mea-
sures in spatially embedded networks. For each location, the new
method first smoothes the flows to/from that location considering
flows to/from its neighborhood and then calculates its locational
measure with the smoothed flows. The same procedure is repeated
for each location, using the original flows (i.e., the smoothed flows
for the previous location are not used). The neighborhood of a loca-
tion is defined as the minimum set of nearest neighbors that meet
a size constraint (such as a minimum population threshold or a
distance threshold). To demonstrate the usefulness of the
approach, we use the county-to-county migration data in the US
and smooth the net migration rate and entropy measure for each
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county. The smoothed results clearly help discover natural regions
of attraction (and depletion) and a variety of structural character-
istics that the original measures fail to reveal. Furthermore, we also
smooth measures for sub-populations (e.g., different age groups),
which can help discover not only distinctive regions of attraction
and depletion but also show that attractiveness changes in both
geographic space and multivariate space (e.g., migrants of different
ages).

2. Related work
2.1. Locational measures

Locational measures (network/graph measures) have been
extensively used in spatial interaction analysis to examine struc-
tural characteristics such as centrality (Hughes, 1993; Irwin &
Hughes, 1992), entropy (Limtanakool, Schwanen, & Dijst, 2009),
connectivity (Estrada & Bodin, 2008), assortativity and disassort-
ativity (Fagiolo, Reyes, & Schiavo, 2009) and weighted clustering
coefficient (De Montis, Barthelemy, Chessa, & Vespignani, 2007).
Similar measures have also been introduced in application-specific
domains such as migration. For example, many index approaches
have been developed and used to quantify migration characteris-
tics such as spatial focusing of migration streams (Plane & Heins,
2003; Plane & Mulligan, 1997; Rogers, 1992; Rogers & Raymer,
1998; Rogers & Sweeney, 1998). The index measures are usually
derived for each location with the graph data (e.g., migration net-
work). Commonly-used measures include net migration rate (Rog-
ers, 1992), Gini index (Plane & Mulligan, 1997), coefficient
variation (Long, 1988) and migration efficiency (Plane & Rogerson,
1991). However, due to the dramatic difference in unit size (e.g.,
population) and the small-area problem, derived locational mea-
sures often exhibit spurious data variations, and may conceal (in-
stead of reveal) the true underlying spatial and network
structures.

2.2. Iterative proportional fitting procedure (IPFP)

In order to remove the effects of location sizes on flows and cap-
ture patterns that are not necessarily associated with larger vol-
umes, scaling approaches have been employed (Clark, 1982;
Pandit, 1994; Slater, 1975). The most commonly used scaling ap-
proach is the iterative proportional fitting procedure (IPFP), which
can be used to standardize a migration network by transforming
the flows among locations so that all locations have the same in-
flow and outflow. Scaling does not change the cross-product ratio
of the diagonal elements of the original matrix, and as a result
the flow structure is preserved. However, IPFP transformation
can distort the relative significances of nodes in a spatial interac-
tion network in which the variability of node sizes is large (Fischer
et al., 1993; Holmes, 1978).

2.3. Kernel density estimation and smoothing

Kernel density estimation or smoothing methods are commonly
used for smoothing lattice spatial data, e.g., point- or area-based
location attribute data, which are different from connection-based
spatial interaction data. A spatial kernel smoothing method recal-
culates the attribute value of a location using a weighted average
of the attribute values of its spatial neighbors (Borruso & Schoier,
2004; Carlos, Shi, Sargent, Tanski, & Berke, 2010), where the weight
is calculated considering geographic distance. Alternative to spatial
kernel smoothing, locally weighted average smoothing that uses a
background value such as population to calculate weights is com-

monly used in smoothing disease rates (Kafadar, 1994; Shi, 2010).
Bandwidth and kernel function selection are two important
parameters in a spatial kernel smoothing method. The choice of
the bandwidth determines the maximum radius (e.g., the extent
of the neighborhood) or the number of neighbors that is considered
to have an effect on the point of interest. The kernel function deter-
mines how each neighboring observation will be weighted and
considered in the smoothing process. Previous research on kernel
density estimation proved that the performance of the estimation
is greatly affected by the choice of the bandwidth while the kernel
function usually does not have a significance effect (Bors & Nasios,
2009; Silverman, 1986).

The most commonly used kernel functions include Gaussian
kernel, triangular kernel, and Epanechnikov’s kernel (Danese,
Lazzari, & Murgante, 2008; Wand & Jones, 1995). There are two
main types of bandwidth: fixed and adaptive. In a fixed-band-
width approach, the radius that defines the extent of the neigh-
borhood is assumed to be the same throughout the dataset. An
adaptive bandwidth allows the radius to vary from one data point
to another. Domain knowledge is commonly used to obtain a
fixed bandwidth. However, it is widely acknowledged that a fixed
bandwidth causes biased estimations for most spatial data sets,
where the underlying density often exhibit significant spatial het-
erogeneity (Davies & Hazelton, 2010). Alternatively, various adap-
tive bandwidth approaches have been developed (Abramson,
1982; Carlos et al,, 2010; Sain & Scott, 1996; Yang, Luan, & Li,
2010), which can be categorized into model-based and domain-
based approaches.

In model-based bandwidth selection approaches, the goal is to
improve a statistical model fit such as in geographically weighted
regression. A statistical criterion is often used to provide guidance
on selecting an appropriate bandwidth among a large number of
possible bandwidth values (D’Amico and Ferrigno, 1990). Cross-
validation (CV), Akaike Information Criterion (AIC.) and Bayesian
Information Criterion (BIC) are among the most commonly used
criteria to select an appropriate bandwidth for local spatial statis-
tics such as geographically weighted regression (Fotheringham,
Brunsdon, & Charlton, 2002). In model-based approaches, an
appropriate bandwidth is the one that gives the best model fit
among a large number of possible bandwidth values. However,
model-based approaches are not applicable for spatial smoothing
in which there is no statistical model to fit and the goal is to
smooth each unit with the neighborhood values. In domain-based
bandwidth selection approaches, a relevant attribute (e.g., popula-
tion) is used to determine the bandwidth. For example, to account
for the underlying heterogeneous population distribution common
in public health research, some studies (Carlos et al., 2010; Shi,
2009) have utilized a population threshold (i.e., the size for a
neighborhood) to determine the adaptive bandwidth. Therefore,
the bandwidth stops expanding when the threshold value is
reached.

2.4. Smoothing network measures

Traditional smoothing methods introduced above have been
adopted and used in transportation analysis research (Porta et al.,
2009; Sohn & Kim, 2010) in order to accommodate the neighboring
effect in calculating centrality measures. Existing smoothing prac-
tices treat the locational network measure (e.g., centrality) as a
regular attribute and apply an existing spatial kernel smoothing
method to directly smooth each locational measure with neighbor-
ing values. However, since a network measure summarizes the
structure of the flow incidents on a node in a network, it is inap-
propriate to directly smooth measure values without considering
the flow structure within and beyond the neighborhood.
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