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a b s t r a c t

This paper presents a unified Ritz-based method for the computation of modal properties of both thick
and thin, circular and annular isotropic plates with different boundary conditions. The solution is based
on an appropriate and simple formulation capable of handling in an unified way a large variety of two-
dimensional higher-order plate theories. The formulation is also invariant with respect to the set of Ritz
admissible functions. In this work, accurate upper-bound vibration solutions are presented by using kine-
matic models up to sixth order and products of Chebyshev polynomials and boundary-compliant func-
tions. Considering the circumferential symmetry of annular plates and the 2-D nature of underlying
theories, the present method is also computationally efficient since only single series of trial functions
in the radial direction are required.

� 2014 Civil-Comp Ltd and Elsevier Ltd. All rights reserved.

1. Introduction

Circular and annular plates are widely adopted as structural ele-
ments in many engineering fields. Therefore, reliable mathematical
models capable of predicting with high accuracy their dynamic
behavior can be of great importance in the design process.

It is known that the accuracy in the computation of natural fre-
quencies and mode shapes of plate structures can strongly depend
on the kinematics assumed to represent their deformation. Model-
ing approaches range from fully three-dimensional (3-D) models,
without any simplifying assumption on the kinematics of deforma-
tion, to traditional plate theories, like classical plate theory (CPT)
and first-order shear deformation theory (FSDT), based on a reduc-
tion of the 3-D problem to simple and economical two-dimensional
(2-D) models [1]. Many attempts lying in the middle have also
appeared in the last three decades. They fall into the category of
so-called refined or higher-order plate theories, where the conven-
tional kinematics of FSDT is enriched with various higher-order
terms as power series expansion of the thickness coordinate
[2–8]. The aim of such refined theories is twofold. Firstly, to pre-
serve the 2-D nature of the model and thus avoid the complexity
and computational inefficiency of 3-D elasticity solutions. Secondly,
to improve, compared to classical theories, the capability of
estimating the correct mechanical behavior of the plate when thick-
ness-to-length ratio increases, accurate through-the-thickness

distribution of displacements and stresses is sought or discrete
medium-to-high frequency analysis is required.

In contrast to CPT and FSDT, plate theories of high order typi-
cally involve complicated mathematical formulations. Derivation
and computer implementation of the corresponding models would
be less cumbersome with the availability of appropriate techniques
capable of handling in an easy and efficient way arbitrary
refinements of classical theories. Furthermore, it would be highly
desirable to rely on an unified modeling framework giving the abil-
ity of performing comparisons of different theories of increasing
complexity without the need of a new modeling effort each time.

In view of the above remarks, this paper presents a unified Ritz-
based formulation based on an entire class of 2-D higher-order the-
ories for free vibration analysis of both thick and thin isotropic
annular plates with different combinations of classical boundary
conditions. The novelty of the present work is twofold.

Firstly, a comprehensive assessment of refined plate theories
against free vibration of annular plates of any thickness is pre-
sented for the first time. Indeed, most of the past investigations
on free vibration of circular and annular plates performed an exact
or numerical analysis on the basis of CPT and FSDT (see, e.g.,
[9–13]). A satisfactory number of papers that carried out a 3-D
vibration analysis are also available [14–18]. Conversely, probably
due to the mathematical and computational complexities men-
tioned above, higher-order plate theories were employed only in
very few works [19–21]. In particular, remarkable exact closed-
form frequency solutions are obtained in [20,21] using Reddy’s
third-order shear deformation theory (TSDT). However, since TSDT
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discards thickness-stretching effects, which are increasingly
important as the thickness-to-radius increases, their analysis is
limited to moderately thick plates. The current study aims at
evaluating how accurate natural frequencies of higher-order 2-D
theories would be in representing a 3-D problem.

Secondly, all previous works on free vibration of circular and
annular plates modeled according to 2-D theories suffer from a
common shortcoming: they rely on axiomatic models with a fixed
kinematic theory. As a result, the development of a refined theory
of a certain order requires each time a new mathematical effort
along with the related code implementation. This process can be
cumbersome and prone to errors. The powerful yet simple method
presented in the following overcomes the above deficiency.

The present study can be considered as an extension to annular
plates of the variable-kinematic Ritz method developed in [22–24],
which were focused on straight-sided quadrilateral plates. The for-
mulation has some attractive properties. It is invariant with
respect to both the specific plate theory and the set of admissible
functions. In other words, a unified modeling framework is derived
in terms of simple modeling kernels, called Ritz fundamental nuclei,
which are properly expanded to yield the mass and stiffness matri-
ces of the model. Considering the circumferential symmetry of
circular plates and the 2-D nature of the underlying theories, the
present method is also computationally efficient since only single
series of trial functions in the radial direction are required. In addi-
tion, relying on a global approximation, the method has a high
spectral accuracy and converges faster than local methods such
as finite elements. As a result, the formulation derived in this work
is accurate in providing benchmark values yet efficient to be used
for design purposes and parametric analysis.

The current paper is an extended version of the conference
paper [25] and includes a more complete numerical analysis with
new comparison studies for plates with different thickness-
to-radius ratios and boundary conditions. The paper is organized
as follows. Section 2 contains the mathematical derivation of the
method. Details about the Ritz trial set adopted in this study are
also given. The convergence and numerical stability properties of
the current approach are presented in Section 3. Upper-bound
vibration solutions based on various higher-order 2-D models are
shown in Section 4. In-depth discussion is provided by comparison
the frequency parameters obtained by the current method with
various results available in the literature. Finally, some concluding
remarks are drawn in Section 5.

2. Theoretical formulation

An annular isotropic plate of outer radius Ro and inner radius Ri

is considered as shown in Fig. 1. The plate has uniform thickness h.

An orthogonal cylindrical coordinate system is defined with radial
direction r (Ri 6 r 6 Ro), circumferential direction h (0 6 h 6 2p)
and thickness direction z (�h=2 6 z 6 h=2).

For generality and convenience, the present formulation is
derived using a dimensionless coordinate n (�1 6 n 6 1) for the
radial direction defined as follows

n ¼ r
c
� d ð1Þ

where

c ¼ Ro � Ri

2
ð2Þ

d ¼ Ro þ Ri

Ro � Ri
ð3Þ

The displacement vector u ¼ uðn; h; z; tÞ of a generic point of the
plate is given by

uðn; h; z; tÞ ¼
unðn; h; z; tÞ
uhðn; h; z; tÞ
uzðn; h; z; tÞ

8><>:
9>=>; ð4Þ

Strain components can be grouped into an in-plane strain vector ep

and out-of-plane (normal) strain vector en as follows

ep ¼
enn

ehh

cnh

8><>:
9>=>; en ¼

cnz

chz

ezz

8><>:
9>=>; ð5Þ

Within the framework of linear, small strain, elasticity theory, strain
vectors are related to displacements through the following
equations

ep ¼ Dpu ð6Þ
en ¼ Dnuþ Dzu ð7Þ

where
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Fig. 1. Geometry of an annular plate.
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