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a b s t r a c t 

This paper presents a new and general construction method of special triangular elements with one edge lying 

in the crack front. In our method, principal items which represent the asymptotic properties around the crack 

front in local coordinate system are constructed. Based on the principal items, two groups of basis functions 

for crack front elements are introduced. Combining undetermined coefficients and basis functions, two types of 

crack front elements, which are denoted by low order crack front elements and high order ones, are constructed. 

Secondly, a displacement extrapolation technique with these newly developed elements is proposed. Applying this 

technique in the BEM applications for crack problems, numerical difficulties, which arise when two vertexes of 

the assisted line both locate inside the element, can be circumvented conveniently. Finally, two types of elements 

are employed in the dual boundary element codes for crack problems. Numerical examples are presented to 

verify the three types of elements. Results show that the stress intensity factors computed by employing these 

three developed elements are all very accurate compared with the existing results. 

© 2018 Elsevier Ltd. All rights reserved. 

1. Introduction 

In many fields of finite element [1–5] and boundary element analysis 
[6–12] , elements which are equipped with special shape functions are 
usually necessary to obtain accurate results, especially in the solution 
of potential problems, in which the sharp corners and edge singularities 
are involved, and crack problems with stress field singularity [7,9,10–
14] . Compared with standard isoparametric element, the specially 
defined shape functions in those specially constructed elements usually 
possess the asymptotic properties around the sharp corners and edges, 
or the crack tips. This paper focuses attention on the construction of 
triangle elements with singularities for the crack fronts. 

Various works on singular finite elements can be found. In those sin- 
gular elements, the derivatives of the shape functions at a specific node 
(one of its vertices) possess singularities [1–5] . Employing the singular 
finite elements, the desirable singular behavior can be successfully 
captured. Thus, the results with high accuracy can be obtained. In the pi- 
oneer work of Blackburn, the 3, 4 and 6-node special triangular elements 
were constructed [1] . With the help of these special elements, the dis- 
placement components possess 

√
𝑟 asymptotic properties, where r is the 

distance between the position coordinates and the singular node. Hen- 
shell and Shaw constructed a type of special eight-node quadrilateral el- 
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ement [2] . Moreover, Barsoum found that the 6-node triangular element 
can be obtained by collapsing one side of the quadrilateral isopara- 
metric element [3] . These special triangular elements were constructed 
and used as elastic and plastic crack tip element. Hibbitt reviewed the 
singular properties of special constructed isoparametric elements [4] . In 
all those special elements above, however, only the asymptotic behavior 
of some specific node could be captured. In practical cases, for example 
in boundary element analysis, special shape functions which possess 
the asymptotic behaviors of one specific edge are also necessary. In this 
paper, we will construct the special shape functions based on the asymp- 
totic behavior of displacement components around one specific edge of a 
triangular element. To model the singularities arise around one specific 
node, the 6-node triangular element can be found in reference [5] . 

The special elements employed for boundary element analysis 
have benefited from the singular finite elements, such as quarter-point 
element by modifying the position of the element nodes [14] . Mi Y 

and M.H. Aliabadi have developed a family of 8-node discontinuous 
crack-tip elements and applied them in the 3D dual boundary element 
method (DBEM) for crack problems [7] . H. kebir et al have developed a 
3-node discontinuous crack-tip element for crack problems and applied 
it to bolted joints [15] . Pan and Yuan proposed a novel type of singular 
element through weight coefficient and successfully applied this type 
singular element in the DBEM [8] . Xie et al. extended the pioneer 
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Fig. 1. 6-node continuous triangular element. 

Fig. 2. 6-node discontinuous triangular element. 

work of Mi and Aliabadi to a family of 9-node discontinuous crack-tip 
elements [16,17] . Li et al. proposed three types of three- and nine-node 
discontinuous crack-tip elements through undetermined coefficients 
methods [18] . In our method, triangular crack front elements are 
developed and implemented into the DBEM. Thus, this paper pays no 
attention to details of the DBEM. More details about DBEM which using 
the traction boundary integral equation as supplementary on the crack 
surfaces can be found in references [6,17–20] . 

This paper presents novel and general special elements in triangular 
geometry based on discontinuous triangular elements. Firstly, the 
asymptotic behaviors of displacement components around the specific 
edges (the edge lies in the crack front) are deduced in the isoparametric 
space to find the principle items in local coordinate system. Secondly, 
based on the principal items, two groups of special basis functions can 
be defined. Using the given basis functions, the shape functions which 
have the desired singular properties can be constructed. Then a displace- 
ment extrapolation technique will be developed with employing the 
two types of special elements. Finally, two types of crack front elements 
are applied in 3D DBEM for crack problems. Numerical examples will be 
given to verify the accuracy and efficiency of the presented technique. 

The content of our paper is as follows. In Section 2 , 6-node continu- 
ous and discontinuous triangular elements are introduced. Construction 
of discontinuous triangular crack front elements is detailed in Section 3 . 
Section 4 introduces the displacement extrapolation technique. Nu- 
merical examples are presented in Section 5 . The paper ends with 
conclusions in Section 6 . 

2. 6-node continuous and discontinuous triangular elements 

In the continuous triangular element as shown in Fig. 1 , the dis- 
placement at an arbitrary point in the element can be interpolated by 

displacements on these six nodal points. The shape functions defined 
in the 6-node triangular element are as follows [5] : 

𝑁 0 = 𝜉(2 𝜉 − 1) 𝑁 3 = 4 𝜉𝜂

𝑁 1 = 𝜂(2 𝜂 − 1) 𝑁 4 = 4 𝜂(1 − 𝜉 − 𝜂) 

𝑁 2 = (1 − 𝜉 − 𝜂) ( 2(1 − 𝜉 − 𝜂) − 1 ) 𝑁 5 = 4 𝜉(1 − 𝜉 − 𝜂) (1) 

In Fig. 1 , since the geometric nodes coincide with collation nodes, 
the shape functions for geometric quantities and physical quantities are 
also identical. In the DBEM for crack problems, however, the continuity 
requirement of the field variables should be satisfied to guarantee the 
existence of Cauchy and Hadamard principle value integrals. Thus, 
instead of continuous elements, discontinuous elements are most widely 
used. In the 6-node discontinuous triangular element, the collocation 
nodes are usually distributed inside the element as illustrated in Fig. 2 , 
where s is a position parameter of the collocation nodes. The shape 
functions for geometric quantities in Fig. 2 are the same as those of 
the continuous triangular element, while the shape functions for the 
physical quantities are different from those in continuous triangular 
elements. In order to show their differences, we use 𝑁 

𝑖 
𝑔𝑒𝑜 

for the 

denotation of shape functions about geometric quantities and 𝑁 

𝑖 
𝑐𝑜𝑙𝑙 

for 
shape functions about physical quantities, where 𝑁 

𝑖 
𝑔𝑒𝑜 

= 𝑁 𝑖 , 𝑖 = 0 .. 5 , 

𝑁 

0 
𝐶𝑜𝑙𝑙 

= − 

[ 𝜉 − (0 . 5 − 0 . 25 𝑠 ) ] ( 𝜉 − 0 . 5 𝑠 ) 
(0 . 5 + 0 . 75 𝑠 )(1 − 1 . 5 𝑠 ) 

, 

𝑁 

1 
𝐶𝑜𝑙𝑙 

= − 

[ 𝜂 − (0 . 5 − 0 . 25 𝑠 ) ] ( 𝜂 − 0 . 5 𝑠 ) 
(0 . 5 + 0 . 75 𝑠 )(1 − 1 . 5 𝑠 ) 

, 

𝑁 

2 
𝐶𝑜𝑙𝑙 

= 

(1 . 0 − 0 . 5 𝑠 − 𝜉 − 𝜂)(0 . 5 + 0 . 25 𝑠 − 𝜉 − 𝜂) 
(1 − 1 . 5 𝑠 )(0 . 5 − 0 . 75 𝑠 ) 

, 

15 
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