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Abstract

In computations, it is now common to surround artificial boundaries of a computational domain with a perfectly
matched layer (PML) of finite thickness in order to prevent artificially reflected waves from contaminating a numerical
simulation. Unfortunately, the PML does not give us an indication about appropriate boundary conditions needed
to close the edges of the PML, or how those boundary conditions should be enforced in a numerical setting. Termi-
nating the PML with an inappropriate boundary condition or an unstable numerical boundary procedure can lead
to exponential growth in the PML which will eventually destroy the accuracy of a numerical simulation everywhere.
In this paper, we analyze the stability and the well-posedness of boundary conditions terminating the PML for the
elastic wave equation in first order form. First, we consider a vertical modal PML truncating a two space dimensional
computational domain in the horizontal direction. We freeze all coefficients and consider a left half-plane problem with
linear boundary conditions terminating the PML. The normal mode analysis is used to study the stability and well-
posedness of the resulting initial boundary value problem (IBVP). The result is that any linear well-posed boundary
condition yielding an energy estimate for the elastic wave equation, without the PML, will also lead to a well-posed
IBVP for the PML. Second, we extend the analysis to the PML corner region where both a horizontal and vertical
PML are simultaneous active. The challenge lies in constructing accurate and stable numerical approximations for
the PML and the boundary conditions. Third, we develop a high order accurate finite difference approximation of the
PML subject to the boundary conditions. To enable accurate and stable numerical boundary treatments for the PML
we construct continuous energy estimates in the Laplace space for a one space dimensional problem and two space
dimensional PML corner problem. We use summation-by-parts finite difference operators to approximate the spatial
derivatives and impose boundary conditions weakly using penalties. In order to ensure numerical stability of the
discrete PML, it is necessary to extend the numerical boundary procedure to the auxiliary differential equations. This
is crucial for deriving discrete energy estimates analogous to the continuous energy estimates. Numerical experiments
are presented corroborating the theoretical results. Moreover, in order to ensure longtime numerical stability, the
boundary condition closing the PML, or its corresponding discrete implementation, must be dissipative. Furthermore,
the numerical experiments demonstrate the stable and robust treatment of PML corners.
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1. Introduction

Wave propagation problems are often formulated in unbounded or very large spatial domains. In numerical simula-
tions, large spatial domains must be replaced by smaller computational domains by introducing artificial boundaries.
Efficient and reliable domain truncation becomes essential, since it enables more accurate numerical simulations. More
than thirty years of extensive research in this area has resulted in two standard, competing approaches for artificial
boundary closures: high order local non-reflecting boundary condition (NRBC) [21]-[22], and damping layers such
as the perfectly matched layer (PML) [1]-[12], grid stretching techniques [14] and others [13, 15]. An NRBC is a
boundary condition defined on an artificial boundary such that little or no spurious reflections occur as a wave passes
the boundary. In the methods based on damping layers the domain is extended to include a layer where waves are
damped by some modification or transformation of the system. In this paper we will focus on PMLs, where the
underlying equations are transformed such that waves traveling into the layer are absorbed without reflections. A very
important property of the PML is perfect matching. This means that there are no reflections as waves propagate from
the physical domain into the layer. It is also important to note that the perfect matching property of the PML is only
guaranteed for the continuous model. When numerical approximations are introduced, the discrete PML can allow
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