Accepted Manuscript =
=+ Journal of

. , o . Computational
A fourth-order approximation of fractional derivatives with its Ph"Siﬁs

applications

Zhao-peng Hao, Zhi-zhong Sun, Wan-rong Cao

PII: S0021-9991(14)00741-4
DOI: 10.1016/j.jcp.2014.10.053
Reference: YJCPH 5553

To appear in:  Journal of Computational Physics

Received date: 20 April 2014
Revised date: 16 September 2014
Accepted date: 26 October 2014

Please cite this article in press as: Z.- Hao et al., A fourth-order approximation of fractional
derivatives with its applications, J. Comput. Phys. (2014),
http://dx.doi.org/10.1016/;.jcp.2014.10.053

This is a PDF file of an unedited manuscript that has been accepted for publication. As a
service to our customers we are providing this early version of the manuscript. The manuscript
will undergo copyediting, typesetting, and review of the resulting proof before it is published
in its final form. Please note that during the production process errors may be discovered which
could affect the content, and all legal disclaimers that apply to the journal pertain.


http://dx.doi.org/10.1016/j.jcp.2014.10.053

A fourth-order approximation of fractional derivatives with its
applications *

Zhao-peng Hao!  Zhi-zhong Sun*  Wan-rong Cao®
Department of Mathematics, Southeast University, Nangjing 210096, P.R. China

Abstract

A new fourth-order difference approximation is derived for the space fractional derivatives
by using the weighted average of the shifted Griinwald formulae combining the compact tech-
nique. The properties of proposed fractional difference quotient operator are presented and
proved. Then the new approximation formula is applied to solve the space fractional diffusion
equations. By the energy method, the proposed quasi-compact difference scheme is proved to be
unconditionally stable and convergent in L2 norm for both 1D and 2D cases. Several numerical
examples are given to confirm the theoretical results.
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1 Introduction

During the past decades, fractional calculus has been playing more and more important roles
in many fields. The space fractional diffusion equation is one of the popular mathematical models
of fluid flow in porous materials, anomalous diffusion transport, chemistry, etc.(see [11,20, 23,
28]). Though there are some analytical methods like the Fourier transform method, the Laplace
transform method, the Mellin transform method, and the Green function method, it is still difficult
to evaluate the fractional derivative for most functions, and the exact solution of the fractional
diffusion equation is hardly to be given either. Hence, it is essential to develop the efficient numerical
methods.

Due to the equivalence of the Riemann-Liouville (RL) derivative and Griinwald Letnikov (GL)
derivative under smooth assumptions imposed on the initial value [23], the GL definition is com-
monly used to approximate the RL derivative with first order. However, when applying the ap-
proximation to the space fractional partial differential equation, it leads to an unstable scheme. To
overcome this difficulty, an integer shifted (right shift for left side derivative or left shift for right
derivative) Griinwald formula was proposed by Meerschaert and Tadjeran [15] to approximate the
space fractional derivative, and successfully applied to solve the advection-dispersion equations.
Based on the shifted Griinwald formula, Meerschaert et al. did a series of work for numerically
solving the space fractional diffusion equations [14,16, 34, 35].
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