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1. Introduction

The stability of switched systems has attracted considerable
research attention in recent years (Blanchini, Casagrande, & Miani,
2010; Decarlo, Branicky, Pettersson, & Lennartson, 2000; Dehghan
& Ong, 2012; Liberzon & Morse, 1999; Lin & Antsaklis, 2009;
Shorten, Wirth, Mason, Wulff, & King, 2007). In some cases, the
asymptotic stability of switched systems cannot be ensured in the
presence of disturbances. Hence, it is useful to study a practical
stability problem for switched systems, such as an ultimate bound
for the state trajectories. Some sufficient conditions for practical
stability are provided in Haimovich and Seron (2010, 2013),
Kofman, Haimovich, and Seron (2007) and Kofman, Seron, and
Haimovich (2008), which rely on the existence of a transformation
matrix that takes all matrices of the switched linear system into
a form satisfying certain properties. In the literature (Blanchini
et al., 2010; Dehghan & Ong, 2012), invariant sets for switched
systems under dwell time switching are studied. These results
can be applied to arbitrary switching systems by letting the dwell
time be nearly zero. In this note, switched systems under arbitrary
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switching will be considered, which are given by

X(t) = As()X(t) + B,y () (M)
where x(t) € R" is the system state, w(t) € RP is an external
disturbance vector,

o:Ry — {1,2,...,5s} (2)

is the switching function, A, € R™", B, € R™P, r € [1,s]
are known constant matrices. The disturbance w(t) =
[ () ~~wp(t)]T is unknown but assumed to be bounded by a

given constant vector @ = [, --~c7)p]T € RP with @; > 0,
ie[l,plie,forallt >0,
lwi(t)| < @, Viel[l,pl (3)

2. Preliminaries

In the following, for real symmetric matrices X, Y, the notations
X > 0and Y > 0 mean that the matrix X is positive semi-
definite and the matrix Y is positive definite, respectively. For any
vectors ¥ = [x; --- x,]T € Rtandy = [y; --- yal' € R",
the notation ¥ > y means that x; — y; > O foralli € [1,n].
Given a € C, Re(a) denotes the real part of a. Let 0, denote the
n-dimensional vector, whose elements are all 0. Let 0,,,, denote a
n x n dimensional matrix, whose elements are all 0. Given a vector
X = [x;---x,]7 € C", let " denote the conjugate transpose of
the vector x, let X = |x| denote a vector ¥ = [X;---X,]T € R",
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whose elements are defined as x; = |x;|,i € [1, n]. Given a matrix
U = [uy] € C™", let UM denote the conjugate transpose of the

matrix U, let U = |U| denote a matrix U= [u] € R™", whose

elements are defined as ii; = |uyl,i,j € [1, n]. Given matrices
Ui = [uggl, ..., Us = [ug] € R™", let U = max,¢(1,5/{U;} denote
amatrix U = [uz] € R™", whose elements uy, i,j € [1,n]
are defined as u; = max,ep1,5{tn}, i,j € [1, n]. Given vectors
XX €R\ X = [X1 -+ xm]T, 7 €[1,5],letx = maXrepi,s) (X}
denoteavectorx = [x; - - - x;]T € R", whose elementsx;,i € [1, n]
are defined as x; = maxy¢q1,6{Xni}, i € [1,n]. Given a matrix

U = [uz] € C™",let U = M(U) denote a matrix U = [ii;] € R"™",

whose elements are defined as follows:

oo — L, ifi #j,
U | Re(uy), ifi=j.

Lemma 1 (Haimovich and Seron, 2010). Given a system (1)-(3) and
an invertible matrix T = (M + jN) € C™", M, N € R™", if the
matrix A is Hurwitz, then it follows that

lim sup [T~ 'x(t)| < ¢, )
t—o0
where z, = MaXyjw<o [T 'Bwl|, 2 = maXengiz) A =

maxre[l,s]{Ar}v ¢ = [Cl . "{n]T € R" ¢ = —A~'z and A =
[Arij] € R™" is defined as A, = M(T'AT), 1 € [1,5].

The algorithms to calculate a transform matrix T are proposed
in the paper Haimovich and Seron (2010, 2013). Then, the ultimate
bound for system (1)-(3) can be calculated, i.e.,

lim sup [x(t)] < [X1---X,]", (5)
t—00

where X = [X; - - -X,]T € R",x = |T|¢, ¢ is defined as in Lemma 1.
It can been seen that (4) is equivalent to

lim sup |efT™'x(0)| < & Vi e [1,n], (6)
—00

where e; € R" denotes a n-dimensional vector, whose ith element
is 1 and others are O, ¢;, i € [1,n] are defined as in Lemma 1.
Without loss of generality, in the following, we assume that ¢; > 0
andx; > 0,i € [1,n].

The main purpose of this note is to obtain a small ultimate
bound for the system (1)-(3) based on the results of Lemma 1.

Lemma 2. Suppose that the state trajectories of system (1)-(3) sat-
isfy (4), where T € C™" and ¢ € R" are defined as in Lemma 1. For
the given matrices Q, € R™" with Q, = Q/, Q, € R™" g, € R™M,
E, e R, G, = [grj] € R™™, Gy = [] € R™, 1 € [1,5], if

grij = |frlj| Vl’.] € [13 n]! re [155]1 (7)

g4 > Uyl Yijellnl rells] (8)
then it follows that

Jim sup [x"()Qx(0)] < £'G¢ Vr € [1,5], 9)
Jlim sup [x"(QBw(t)] < £'Crz Vr € [1.5], (10)
—00

where F, = [fy] € C™", F, = [fy] € C”" F, = TH(Q +j&)T,
F, = TH(Q, —|—j._5ir)T, r € [1,s]. Also z,, r € [1,s] are defined as
in Lemma 1.

Proof. It follows from x(t) € R" and w(t) € RP that for all
rell,s],

X'()Q:Bro(t)] < X' (D(Q +JEN)Bw(D)], (11)
X" (OQB,o ()] < X" (T - |F| - IT "B (D). (12)

Then, using (8) and the definition of z, in Lemma 1, we obtain for
allr € [1,s],

X (OQBw(t)] < X' (E)(T™H)"|Grz,. (13)
It follows from (4) that for all r € [1, s],

Jlim sup [x"(6)(T™)"|Grz, < ¢z (14)
—00

Using (13) and (14), we can obtain (10). Similarly, we may obtain
(9). This completes the proof. O

3. Main results

Theorem 1. Suppose that the state trajectories of system (1)-(3) sat-
isfy (4), where T € C™" and { € R" are defined as in Lemma 1.
For a given vector P = P + jP; € C" with Pg, P, € R", if there
exist matrices Q, € R™M" Q, ¢ R™™ 5, € RV 5 ¢ R™I

G = [gy] € R™, G = (] € R™", r € [1,s], diagonal ma-
trix D, € RP*P with D, > 0,1 € [1, s] and scalars a; > 0,1 € [1, 5],
B > 0such that (7), (8),

I, <0 vrell,s], (15)
Iy <pB Vrell,s], (16)

then, it follows that

lim sup [P"x(t)| < 8, (17)
t—o0

where F. = [f] € C™", F = [fr,-j] € C™" r € [1, s] are defined as
in Lemma 2, P = PgP} + P,P], I} = &'D;& + "G, ¢ + 2¢"G 2y,

ar[A:ii + IBAr] + ,B_]f) -Q O5rI?'Br - drBr
I, = TT TAT .
o;B.P —B,Q, —D,

Proof. It follows from (16) that there exists a positive scalar € such

that

I +2 < B Vrell,s]. (18)
Using (3) and the definition of D,, we obtain that for all t > 0,

o' (O)D;w(t) < oD Vr e [1,s]. (19)

Using (7),(8) and the results of Lemma 2, we obtain (9) and (10).
It follows from (9), (10) and (19) that there exists a scalar t, < oo
such that forall t > t,

8§() <TI+e Vrells], (20)

where 8, (t) = 0" (t)D;w(t) + xT(£)Q.x(t) + z:gT(t)Q,Bra)(r).
We construct the function V(x(t)) = xT(t)Px(t). Then, for the
system (1)—(3), it follows that

V() = (@)
x [ET (O M0 () — X (OBT'PR() + 8oy (D], (21)

where &(t) = [x7(t) o"(t)]". It follows from (15) that T(t) [T, )
&(t) < 0. Then, using (20), (21) and o > 0,1 € [1,s], we can
obtain

V@) < (o) ' [B—€—BV@O)] V=t (22)

In the following, we will show that there exists a scalar tg such
that

V(x(t)) < B* Vt > tg. (23)

First, we will use the method of contradiction to prove that
there exists a scalar tg with t. < tg < 0o such that V(x(tg)) < B2
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