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a  b  s  t  r  a  c  t

Denoising  of  biomedical  signals  using  wavelet  transform  is a widely  used  technique.  The  use  of undec-
imated  wavelet  transform  (UWT)  assures better  denoising  results  but implies  a  higher  complexity  than
discrete  wavelet  transform  (DWT).  Some  implementation  schemes  have  been  proposed  to perform  UWT,
one of  them  is  Cycle  Spinning  (CS).  CS  is performed  using  the  DWT  of several  circular  shifted  versions
of  the  signal  to analyse.  The  reduction  of the  number  of  shifted  versions  of the  biomedical  signal  during
denoising  process  used  is addressed  in  the  present  work.  This paper  is  about  a variant  of CS  with a  reduced
number  of shifts,  called  Partial  Cycle  Spinning  (PCS),  applied  to ultrasonic  trace  denoising.  The influence
of  the  choice  of  PCS  shifts  in  the  denoised  registers  quality  is  studied.  Several  shifts  selection  rules  are
proposed,  compared  and evaluated.  Denoising  results  over a set  of ultrasonic  registers  are  provided  for
PCS with  different  shift  selection  rules,  CS  and  DWT.  The  work  shows  that PCS  with  the  appropriate  choice
of  shifts  could  be the  best  option  to  denoise  biomedical  ultrasonic  traces.

© 2015  Elsevier  Ltd.  All  rights  reserved.

1. Introduction

Ultrasonic equipment is very often used in medical diagnosis.
In most cases the acquired biomedical ultrasonic signals are cor-
rupted with noise coming from the reflection of the ultrasonics by
the tissue’s microstructure. This noise shares spectrum with the
ultrasonic signal and is usually non-stationary. The reduction of
noise in ultrasonics has been widely discussed and different tech-
niques based on spatial or frequency diversity have been proposed
[1].

Wavelet transform has been used for denoising different kinds of
signals including biomedical ultrasonic traces [2–6]. The most com-
mon  denoising techniques are based on discrete wavelet transform
(DWT) defined as [7]

DWTx(k)(j, n) =
∞∑

k=−∞
x(k)
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2j
 

(
k

2j
− n

)
j, n ∈ Z (1)

where x(n) is the discrete time signal to analyze,  (t) the mother
wavelet, n2j the shift and j the decomposition level.

DWT  is not a shift-invariant transform and produces different
denoise results depending on the shift. To overcome this limitation
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undecimated wavelet transform (UWT) was introduced in ultra-
sonic denoising problems [8–12].

UWTx(k)(j, n) =
∞∑

k=−∞
x(k)
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)
j, n ∈ Z (2)

Basic denoising processing using wavelets is performed in three
stages. In the first stage the wavelet coefficients of the register
to denoise are obtained. The second stage performs the denoising
process over the wavelet coefficients, usually by using threshold-
ing. Different types of thresholding can be used, usually soft or
hard thresholding, and different threshold selection rules can be
implemented, of which SURE, Universal and Minimax are the most
used [13–15]. In the final stage, the denoised version of the signal
is recovered performing the inverse wavelet transform with the
modified wavelet coefficients.

Cycle spinning (CS) is a method of UWT  and has been previously
used for denoising purposes [8–12]. The CS algorithm performs
DWTs of shifted versions of the register to analyze, denoise the
wavelet coefficients, make the inverse DWTs and perform a mean
to obtain the final denoised ultrasonic A-scan. The denoised traces
show better characteristics using CS than using DWT, but the com-
plexity in the CS case is much greater than in the DWT  one.

CS analysis generates redundant coefficients. In [16,17], it was
shown that the wavelet coefficients were repeated when the num-
ber of shifts involved in CS were higher than 2J, with J being the
maximum decomposition level in DWT  analysis. More recently, CS
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wavelet coefficient redundancy has been studied in [11]. Based on
this redundancy, the use of a reduced version of CS for denoising
with the processing of only a limited number of shifts is studied in
this work. This algorithm is called Partial Cycle Spinning (PCS).

PCS involves a selection of shifts. One previous work [10] pro-
posed the selection of shifts in a random way for ultrasonic A-scan
denoising purposes. Although random selection of shifts gener-
ated good denoising results, in this work the performance obtained
with different selection rules of the PCS shifts and the influence of
the selected shifts in the final denoised trace quality were studied.
This current paper compares three types of shift selection: random
selection, consecutive selection, and fixed sparse selection. The
obtained results are compared and evaluated taking as reference
the results obtained using a complete CS denoising procedure.

This paper is set out in the following manner. Section 2 describes
the PCS denoising method. Section 3 describes the experiments to
evaluate the variability of PCS and discusses the results obtained.
The conclusions are presented at the end of the paper.

2. Partial Cycle Spinning denoising

PCS analysis is based on the calculation of the DWT  of a reduced
number of shifted versions of the trace to be denoised. The wavelet
coefficients obtained by performing the PCS analysis contain sev-
eral sets of DWT  coefficients, one set for each shift. In fact, the PCS
process is similar to the CS apart from the number of the shifts
used during implementation. PCS shifts are a subset of CS shifts.
Fig. 1 shows a schematic representation of the PCS analysis with M
shifts. The denoising is performed over the wavelet coefficients at
the output of this stage.

The PCS synthesis performs several inverse DWTs with the
wavelet coefficients associated to each shift. Each inverse DWT
recovers a shifted version of the original trace which is passed
through a unshift stage to recover the original trace. In fact, if
wavelet coefficients have not been modified, the original trace is
recovered several times, one time for each shift. In practice, wavelet
coefficients are modified for denoising purposes and the last step
of the process consists of performing the mean of all the recovered
versions of the initial trace. Fig. 2 shows the synthesis process.

Denoising is applied over the wavelet coefficients at the out-
put of the analysis stage, over coefficients ds,j and as,j of Fig. 1.
A soft thresholding [18] is applied to these coefficients and the
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Fig. 1. PCS analysis stage.
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Fig. 2. PCS synthesis stage.

resulting denoised coefficients, d′
s,j and a′

s,j, which can be seen in
Fig. 2, act as input for the PCS synthesis stage. Three thresholds have
been used and compared to study the variability in PCS: Universal
[14,15], Minimax [13] and SURE [15]. Each threshold is calculated
and applied during denoising to each set of wavelet coefficients,
ds,j, obtained for a shift s and a decomposition level j.

The Universal threshold is calculated by the expression:

TUs,j = �̂s,j
√

2 ln Nj (3)

where Nj is the number of wavelet coefficients ds,j at decomposition
level j and �̂s,j is:

�̂s,j =
median

(∣∣ds,j∣∣)
0.6745

(4)

The Minimax threshold is calculated as follows:

TMms,j = �̂s,j�
∗(Nj) (5)

where the value of function �*(Nj) is obtained using Table 1 of [13].
The SURE (Stein’s unbiased risk estimation) threshold in the case

of soft thresholding uses the risk function:

SURE (T; X) = Nj − 2 · #
{
i :

∣∣Xi∣∣ ≤ T
}

+
Nj∑
i=1

[
min

(∣∣Xi∣∣ , T
)]2

(6)

where #
{
i :

∣∣Xi∣∣ ≤ T
}

is the cardinality of the set in brackets.
The SURE threshold is the value that minimizes that risk function

(6) for the vector of transformed coefficients:

TSs,j = argminT≥0

{
SURE

(
T;
ds,j
�̂s,j

)}
(7)

3. Variability in PCS

The differences between PCS and CS implementation methods
are due to the shift selection. The objective of PCS is to reduce the
number of shifts while maintaining the denoising quality of CS. A
reduced number of shifts are selected in the case of PCS and three
different rules for choosing the shifts are evaluated: sequential
shifts, random shifts and fixed sparse shifts. In the case of sequen-
tial shifts the difference between two consecutive shifts is only one
time unit while in the other cases it is greater than one. The random
shift case selects the shifts in a random way over the whole range
while the fixed sparse shifts method chooses the sparse shifts in a
pre-determined way.
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