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a  b  s  t  r  a  c  t

This article  addresses  the  problem  of  designing  therapies  for  the myeloma  bone  disease  that  optimize  in a
systematic  way  a compromise  between  drug  toxicity  and  tumor  repression.  For  that  sake,  the  techniques
of  optimal  control  are  applied  to  the  dynamics  of  tumor  growth,  and  the necessary  conditions  of  Pontrya-
gin’s  minimum  principle  are  solved  using  a numerical  relaxation  algorithm.  A  therapy  to  accelerate  bone
mass  recovery  is applied  in  parallel,  based on a  PI  control  rule.  Since  the  optimal  controller  provides  an
open-loop  control,  it is turned  into  a  feedback  law  by  following  a receding  horizon  strategy.  For  that  sake,
an optimal  manipulated  variable  profile  is first computed  over a time  horizon,  but  only the  initial  part
of  this  function  is  applied.  The  whole  optimization  procedure  is then  repeated  starting  at  a time  instant
that  corresponds  to  the  end  of the  previously  applied  control.

©  2015  Elsevier  Ltd.  All  rights  reserved.

1. Introduction

The micro-structure and evolution of the bone tissue depends
of a complex process in which different cells interact through bio-
chemical signaling substances [1]. The bone is continuously being
degraded (resorption) and rebuilt, in a process called remodeling. In
a healthy young human adult, bone formation and resorption are
equilibrated along time.

The cells that are responsible for these two processes are osteo-
clasts and osteoblasts. Osteoblasts produce new bone by collagen
synthesis and making it calcify. Opposite, osteoclasts are responsi-
ble for bone degradation. In the healthy body, the number of both
types of these cells must be properly coordinated. For that sake,
an important inducer of osteoclast differentiation is RANKL ( [2], p.
706). When an osteoclast precursor comes in contact with RANKL
molecules, this results in the maturation of an osteoclast. On the
other way, osteoblasts produce also OPG that inhibits RANKL and
prevents osteoclast maturation. The balance between RANKL and
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OPG signaling determines the degree of activation of osteoclasts
and settles bone remodeling.

Cancer disrupts this balance and causes both bone distur-
bances and the emission of substances that favor the occurrence
of metastases ( [2], pp. 703–709). In particular, multiple myeloma
is an hematological disease characterized by the unrelenting
proliferation of plasma cells that causes destructive osteolytic
lesions associated with severe pain and pathological fractures
due to decreased osteoblastic and increased osteoclastic activity
[3,4].

This article addresses the problem of designing therapies for the
myeloma bone disease that are based on control techniques. It is
stressed that the problem addressed has, as a consequence of the
above remarks, an interest to cancers other then multiple myeloma.
The use of optimal control allows to embed, in a systematic way, a
compromise between drug toxicity and tumor repression. Further-
more, a therapy based on a PI control rule is applied in parallel to
accelerate bone mass recovery.

Although optimal control provides a powerful tool to link clini-
cal requirements to mathematical objectives, the resulting control
law is open-loop, with all the inherent drawbacks. Since, in addi-
tion, some optimal drug administration profiles are such that, for a
long period, the drug dose is kept at a minimum level, being only
increased close to the end of the optimization time interval, this
means that the patient will remain with little or no treatment at
all for a significant period of time. To circumvent this problem [13],
proposes to split the optimization interval in two parts.
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To tackle the above problems, this article examines the possi-
bility of using a receding horizon (RH) strategy [17], in which, at
a given time t, an optimal control problem is solved in the time
horizon between t and t + T, called the prediction horizon. Of the
resulting control function, only the part between t and t + ı is actu-
ally used, with the whole procedure being repeated starting at t + ı.
This procedure has the advantage of performing a feedback action
every ı units of time. Usually, RH control is considered in the frame-
work of discrete-time predictive control [18]. Since the samples of
the manipulated variable along the prediction horizon are left free,
in nonlinear problems they can be stuck atlocal minima. In this
paper, instead, Pontryagin’s minimum principle is used to select
them. Although the idea of using Pontryagin’s principle together
with RH control is not new [19,20], this approach is rather unex-
plored, and has not been previously considered for tumor growth
control.

The contribution of this article consists therefore of the applica-
tion of a receding horizon controller based on optimal control to the
design of therapies for cancer that involves an interaction between
bone remodeling and tumor growth.

The paper is organized as follows: After this introduction, a brief
literature review is made in Section 2, and the tumor growth mod-
els considered are described in Section 3. Pontryagin’s minimum
principle (PMP) is reviewed in Section 4, together with a numeri-
cal solution algorithm for optimal control problems and application
examples related to the control of tumor growth. Section 5 formu-
lates the RH algorithm based on PMP  and shows results on tumor
growth, and in Section 6 the PI controller for the bone mass regu-
lation is designed. Finally, Section 7 draws conclusions.

2. Literature review

The above process of bone remodeling can be represented
by mathematical models that address both physiological and
pathological situations. While many articles have been published
addressing a variety of situations, we only cite here [5]. In this work,
a lumped nonlinear state-space model, with state variables given
by the number of osteoclasts and osteoblasts, has been developed,
being able to predict a number of behaviors actually observed in
patients, including nonlinear oscillations.

The above model has been extended in [6] for the myeloma bone
disease, including the tumor size in the state and therapeutic drug
administration as manipulated variables.

Although in [7] it has been pointed out, in a context other than
cancer, that the bone remodeling problem can be envisaged as an
optimal control problem, cancer in relation to this process has not
yet been the subject of studies to design therapies based on the sys-
tematic application of control methods. Existing studies like [5,6,8]
only exploit simulations under different scenarios, but without any
reference to feedback or optimal control. On the other way, there
is a rich bibliography on the design of therapies for tumor repres-
sion, some addressing the bone marrow, of which [9–14] are some
examples. However, the interplay between bone remodeling and
tumor evolution is not considered in this bibliography, despite this
interaction being more and more recognized of upmost importance
for several types of cancer. Indeed, as described in [2], p. 703, it
has been observed that carcinomas of the lung, breast and prostate
show a strong tendency to metastasize to the bone.

3. Bone remodeling and tumor growth dynamics

The model used for the simulation study in this paper corre-
sponds to the one described in [5,6], with slight modifications.
These modifications consist in the way that the drug affects the

tumor growth equation, and also in the way the drugs affect the
remodeling part of the model.

3.1. Bone remodeling model

The bone remodeling process involves the activity of osteoclasts,
which are cells that breakdown the bone in a process called bone
resorption, and osteoblasts, that are responsible for bone formation.
The mathematical model that expresses the dynamic interaction
between osteoclasts C(t) and osteoblasts B(t), described in [5], uses
normalized variables and is

Ċ(t) = ˛1 C(t)g11 B(t)g21 − ˇ1 C(t), (1)

Ḃ(t) = ˛2 C(t)g12 B(t)g22 − ˇ2 B(t), (2)

where the dot denotes derivative with respect to time, parameters
˛i and ˇi, with i = 1, 2, represent the activity of cell production and
removal, and parameters gij, with i, j = 1, 2 describe the net effect
of all the factors that are involved in osteoclasts and osteoblasts
formation. For instance, the effect of all the factors produced by
osteoclasts that regulate its own  production are expressed by the
parameter g11, referred as autocrine regulation, while parame-
ter g12 express the regulation of osteoclasts in the production of
osteoblasts, referred as paracrine regulation. Conversely, param-
eters g21 and g22 are the paracrine and autocrine regulation,
respectively, of all the factors produced by osteoblasts. In this
model, the parameter g11 is responsible for the oscillatory mode
of the bone remodeling process [5].

The bone mass Z(t) is modeled by

Ż(t) = −�1 C∗(t) + �2 B∗(t), (3)

where parameters ki, for i = 1, 2, are the normalized activity of bone
resorption and bone formation constants. In (3), the number of cells
Y* (with Y denoting either C or B) is given by

Y∗(t) =
Y(t) − Ye if Y(t) > Ye,

0 if Y(t) ≤ Ye,
(4)

where Ye is the steady state of Ẏ(t).
In the presence of bone pathologies, the bone remodeling

dynamics is disrupted. In [6], the tumor size, X(t), dynamics is incor-
porated in the bone remodeling process, and the osteoclasts and
osteoblasts dynamics are described by

Ċ(t) = ˛1 C(t)g11

(
1+r11

X(t)
L

)
B(t)g21

(
1+r21

X(t)
L

)
− ˇ1 C(t), (5)

Ḃ(t) = ˛2 C(t)g12/(1+r11
X(t)

L )B(t)g22−r22
X(t)

L − ˇ2 B(t), (6)

where L and rij, with i, j = 1, 2, are nonnegative parameters.
The steady state solution of (5) and (6) is given by

Ce =
(

ˇ1

˛1

) 1−(g22−r22)
�

(
ˇ2

˛2

) g21(1−r21)
�

, (7)

Be =
(

ˇ1

˛1

) g12
(1+r12)�

(
ˇ2

˛2

) 1−g11(1+r11)
�

, (8)

where

� = g12 g21(1 − r21)
1 + r12

− (1 − g11(1 + r11))(1 − g22 + r22), (9)

and it is assumed that X is also in its steady state. This paper con-
siders the bone remodeling dynamics in the presence of a tumor
((3)–(6)), as described in [6].
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