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a b s t r a c t

The dynamic output feedback control problem is considered for a class of systems with multiple time
delays and nonlinear uncertainties. Based on the control input matrix and output matrix, we decompose
the system into two subsystems. The dynamic compensator is designed for the first subsystem, and then
the output feedback controller is constructed based on the compensator and the second subsystem. By
using the introduced new Lyapunov–Krasovskii functional, we show that the solution of the resultant
closed-loop system converges exponentially to an adjustable bounded region. Compared with the previ-
ous works, the developed controller in this paper is memoryless and smooth, which only uses the system
output. The control design conditions are relaxed because of the developed dynamic compensator. The
result is further extended to the general nonlinear case. The corresponding dynamic nonlinear output
feedback control method is proposed. Finally, simulations are performed to show the potential of the
proposed methods.

© 2016 Elsevier Ltd. All rights reserved.

1. Introduction

Time delay is a common phenomenon for many industrial pro-
cess systems. The stability analysis and control for the time de-
lay dynamic systems have attracted considerable attentions (see
Gu, Kharitonov, & Chen, 2003 and the references therein). The
Lyapunov functionalmethod and Razuminkin lemma are two com-
mon tools for the analysis and design of time delay system. The ob-
tained results are often given in the formof linearmatrix inequality
(LMI). For a practical system, it may be a difficult task to obtain all
the state variables, and then the output feedback control method
is developed. Compared with the state feedback control, the out-
put feedback control problem is more challenging because of the
limited information of state variables. The output feedback can be
classified into two categories: static output feedback and dynamic
output feedback.

During the past decades, the static output feedback and
dynamic output feedback have been received lots of attention. Xu
and Chen (2004) considered the dynamic output feedback control
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for linear time delay system. Mirkin and Gutman (2005) proposed
the output feedbackmodel adaptive control approach for the linear
time delay systemswith unknown coefficients. InHe, Liu, Rees, and
Wu (2007); He,Wu, Liu, and She (2008), the static output feedback
control problemand the dynamic output feedback control problem
were considered, and the new corresponding stability criteriawere
proposed. For the system with uncertainties, the sliding mode
control method was developed for solving the output feedback
control problem. Xu, Lam, Shi, Boukas, and Zou (2009) considered
the dynamic output feedback control problem for linear time
delay systems. Du, Lam, and Shu (2010) investigated the static
and dynamic output feedback control problem for linear systems
with time delays. The static output feedback control problem was
considered in Mahmoud and Qureshi (2012) for a class of large-
scale time delay systems and a novel sliding mode control method
was proposed. The time delay systems considered in the above
references are in the linear form. The LMI based control design
conditions were proposed.

For the time delay systems with nonlinear uncertainties, some
works have been done. In Hua, Wang, and Guan (2008), a delay
independent state feedback controlmethodwas proposed for deal-
ing with this problem. With the use of sliding mode control tech-
nique, Han, Fridman, Surgeon, and Edwards (2009) investigated
the discontinuous static output feedback control problem. Mirkin
and Gutman (2008) constructed the memoryless controllers.
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In Hua, Ding, and Guan (2012), the actuator failure problem was
considered and the delay dependent smooth state feedback con-
troller was designed. For the output feedback control problem, in
Yan, Spurgeon, and Edwards (2009), the dynamic observer was de-
signed to estimate the unmeasurable system state and then the
sliding mode controller was constructed based on the observer.
In Yan, Spurgeon, Zhu, and Zhang (2013b), the delay independent
static output feedback controller was constructed. In Yan, Spur-
geon, and Edwards (2013a), the decentralized static output feed-
back controller was constructed for interconnected system with
time delays. Zhang, Liu, Feng, and Zhang (2013) investigated the
dynamic output feedback control for large-scale time delay sys-
tems with triangular structure and proposed a novel observer-
based memoryless control design method. In Yan, Spurgeon, and
Edwards (2014), a new memoryless static output feedback sliding
mode controller was designed for nonlinear systemswith time de-
lays.

It is well known that the static output feedback is easy for im-
plementation, but some strict conditions should be imposed on
the system. The dynamic output feedback technique is more flexi-
ble and the required conditions on the considered systems are less
conservative. In addition, the sliding mode control method is very
efficient for the control design of the time delay systems with un-
certain disturbances, but the designed controller is discontinuous
and the precise time delays are often required for the control im-
plementation. With the above observations, we consider the dy-
namic output feedback control problem for a class of nonlinear
time delay systems and aim to design the smooth output feedback
controller.

In this paper we focus on the controller design for the multiple
time-delay system with nonlinear uncertainties. The uncertain
functions are bounded bynonlinear functionswith unknowngains.
Then the dynamic compensator is designed to relax the control
design conditions. The adaptive output feedback controller is
designed based on the compensator. New Lyapunov functional is
proposed to prove the stability of the whole system. Furthermore,
the obtained result is further extended to the general nonlinear
case and the corresponding dynamic output feedback control
problem is discussed. Finally, simulations are performed and the
results show the effectiveness of the proposed control method.

2. Problem formulation

Let us consider a nonlinear time delay system
ẋ(t) =

r
j=0

Ajx(t − τj(t))+ B(u(t)+ f (x(t),

x(t − τ1(t)), x(t − τ2(t)), . . . , x(t − τr(t))))
y(t) = Cx(t)

(1)

where x (t) ∈ ℜ
n, u (t) ∈ ℜ

m and y (t) ∈ ℜ
p are the state, control

input and output of the system, respectively;Aj ∈ ℜ
n×n, B ∈ ℜ

n×m,
C ∈ ℜ

p×p are the known matrices. Without loss of generality, we
assume n ≥ p > m and Rank (CB) = m; τj (t) are time-varying
delays for j ∈ [1, r], and τ0 (t) = 0. The time-varying delays
satisfy τ̇j (t) ≤ τ ∗

j < 1 and τj (t) ≤ τ j, where τ ∗

j and τ j are
positive scalars; Thenonlinear function vector f (·) is uncertain and
contains the multiple delayed states with f (0, 0, . . . , 0) = 0.

For the uncertain nonlinear function vector f (·) of system (1),
we impose the following assumption:

Assumption 1. The nonlinear function vector f satisfies

∥f (x (t) , x (t − τ1 (t)) , x (t − τ2 (t)) , . . . , x (t − τr (t)))∥

≤

r
j=0

θ Tj βj
x t − τj (t)

 , (2)

where θj ∈ ℜ
pj are unknown constant vectors, βj (·) =

βj1 (·) , βj2 (·) , . . . , βjpj (·)
T
, βji are known smooth class-k

functions (strictly increasing and βji (0) = 0), and there exist
continuous functions β ji (·) such that βji (χ) ≤ χβ ji (χ).

In this paper, we consider the following control problem: De-
sign a delay dependent smooth dynamic output feedback con-
troller for system (1) with Assumption 1 such that the solution of
the closed-loop system converges to an adjustable region with an
exponential decay rate.

Remark 1. System (1) contains thematched uncertain nonlineari-
ties andmismatched functionswithmultiple time delays. The state
feedback sliding mode control method was proposed in Xia and Jia
(2003) and the stability of the closed-loop systemwas proven. The
state feedback control problemwas discussed for system (1) inHua
et al. (2008) and the memoryless controller was constructed. Han
et al. (2009) designed a novel static output feedback controller. For
system (1), Yan et al. (2009) constructed the full-order observer
and further designed the observer based slidingmode output feed-
back controller. It is well known that the static output feedback
control will impose some strict conditions on the considered sys-
tem. In addition, the slidingmode controlmethod requires the pre-
cise time delay values of system state for control implementation.
In Yan et al. (2014), the memoryless static output feedback slid-
ing mode control design problem was discussed. In this paper our
objective is to design a smooth and memoryless dynamic output
feedback controller for system (1).

Remark 2. With the parameters unknown, the adaptive method
was developed to estimate system parameters or the bound pa-
rameters of uncertainties. For the time delay systems with all time
delay functions matched with the control input, Mirkin and Gut-
man (2005), Wu (2004) and Zheng, Wang, and Lee (2005) intro-
duced the memoryless adaptive state controller design methods
and the recent work (Mirkin & Gutman, 2010) proposed a novel
output feedback control design method. In Mirkin, Gutman, and
Shtessel (2014), the decentralized adaptive control problem was
considered with the unknown interconnections. By observing that
there contains the nonlinear function in the system, we see that
the former methods are not applicable to system (1).

Remark 3. For the problem formulated, there are three challeng-
ing issues as follows. The first one is how to design a dynamic com-
pensator for the control designwith the output signal y. The second
one is how to deal with the unknown parameters of the uncertain
nonlinear functions. The third one is how to design the smooth and
memoryless controller for the multiple time-delay system. If the
above three problems are solved, the controller will be designed
with easy implementation in practical engineering systems.

Without the loss of generality, we assume that B =


0(n−m)×m
Bm×m


and C =


0(n−p)×p
Dp×p


where Bm×m is a non-singular matrix, D is

an orthogonal matrix. If it is not the case, we may choose the
coordination matrices to transform it into the standard form, see
Edwards and Spurgeon (1998).

Let x =

xT1 xT2

T where x1 ∈ ℜ
n−m and x2 ∈ ℜ

m. System (1)
is further written as the following form

ẋ1 (t) =

r
j=0


Aj11x1


t − τj (t)


+ Aj12x2


t − τj (t)


ẋ2 (t) =

r
j=0


Aj21x1


t − τj (t)


+ Aj22x2


t − τj (t)


+ Bu (t)+ Bf (x (t) , x (t − τ1 (t)) , . . . , x (t − τr (t))) ,

(3)
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