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a b s t r a c t

In this paper, we consider performance output reference tracking for a wave equation with general
harmonic disturbance at one end and the control at the other end.We first design a state reference system
determined completely by the measured output and the reference signal where the parameter update
law is presented. An adaptive servomechanism output feedback control is then designed. It is shown
that the closed-loop system is well-posed. Three control objectives are achieved: (a) the performance
output is tracking the reference signal; (b) all the internal-loops are bounded; (c) when the disturbance
and reference are disconnected, the closed-loop is exponentially stable. Finally, the state of system is
shown to be tracking the reference state and the updated parameters are convergent to their true values.

© 2016 Elsevier Ltd. All rights reserved.

1. Introduction

A classical problem in control theory is to achieve servo action
or output regulation, that is, to design a controller so that the
output of closed-loop system tracks asymptotically a reference
signal regardless of external disturbance and initial state. Many
classical output regulation results for finite-dimensional systems,
for instance, Callier & Desoer, 1980, Davison, 1976, Desoer & Lin,
1985, Francis, 1977, Francis &Wonham, 1976 and Isidori & Byrnes,
1990 have been generalized to the infinite-dimensional systems,
like Byrnes, Laukó, Gilliam, and Shubov (2000), Deutscher (2011),
Hämäläinen and Pohjolainen (2010), Ke, Logemann, and Rebarber
(2009), Maidi, Diaf, and Corriou (2008), Rebarber and Weiss
(2003), Pisano, Orlov, and Usai (2011) and Schumacher (1983),
among many others. However, the performance output tracking
is not sufficiently addressed in the context of infinite-dimensional
systems like that for finite-dimensional linear systems, see, for
instance, Lewis, Vrabie, and Syrmos (2012, p. 315).
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In this paper, we consider performance output tracking for a
one-dimensional wave equation with general harmonic distur-
bance at one end and control at the other end, which is described
by the following PDE:

ytt(x, t) = yxx(x, t), x ∈ (0, 1), t > 0,
yx(0, t) = U0(t)+ d(t), t ≥ 0,
yx(1, t) = U(t), t ≥ 0,
y(x, 0) = y0(x), yt(x, 0) = y1(x), 0 ≤ x ≤ 1,
yout(t) = yt(0, t),

(1)

where and henceforth y′(x, t) or yx(x, t) denotes the derivative of
y(x, t) with respect to x and ẏ(x, t) or yt(x, t) the derivative with
respect to t , U0(t) and U(t) are the input (control), yout(t) is the
measured output, (y0, y1) is the initial value; d(t) represents the
general harmonic disturbance which has the following form:

d(t) =

m
j=1


θ̄j sinαjt + ϑ̄j cosαjt


,

where αj ≠ 0, j = 1, 2, . . . ,m are (known) frequencies of the
harmonic disturbance, θ̄j and ϑ̄j, j = 1, 2, . . . ,m are (unknown)
amplitudes of the harmonic disturbance. System (1) is a typical
non-collocated Neumann control problem: control is on one end
and the output is on the other end. In addition, the disturbance and
control are notmatched (U(t) and d(t), see (2) later). It is noted that
our disturbance here ismore general than the finite sumof periodic
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harmonic disturbance that can be considered as an approximation
of the periodic disturbance signal in terms of Fourier expansion.

First, it is observed that by a direct output feedback U0(t) =

qyt(0, t), q > 0, we obtain the following system:

ytt(x, t) = yxx(x, t), x ∈ (0, 1), t > 0,
yx(0, t) = qyt(0, t)

+

m
j=1


θ̄j sinαjt + ϑ̄j cosαjt


, t ≥ 0,

yx(1, t) = U(t), t ≥ 0,
y(x, 0) = y0(x), yt(x, 0) = y1(x), 0 ≤ x ≤ 1,
yout(t) = yt(0, t).

(2)

The advantage of system (2) is that when the disturbance and
control are disconnected, the system is exponentially stable except
the rigid motion which is produced from the zero eigenvalue for
two free end wave equation. This is also the reason behind to
introduce the control U0(t).

For a given reference signal yref (t), we are expected to design
an output feedback control for system (2) so that

y(1, t) → yref (t) as t → ∞ (3)

where y(1, t) is considered as a performance output. It is obvious
that y(1, t), although measurable, is not identical to all measured
outputs which include yt(0, t).

It is noted that the adaptive servomechanism has been applied
to infinite-dimensional systems in earlier paper (Logemann &
Ilchmann, 1994). In paper (Kobayashi & Oya, 2002), an adaptive
servomechanism control is designed for a class of distributed
parameter system where the input and output operators are
collocated and the disturbance is matched with control.

The main result of this paper claims that for any given
frequencies αj ≠ 0, j = 1, 2, . . . ,m, one can always construct
an adaptive servomechanism to achieve both unknown parameter
estimation and performance output reference tracking.

The rest of the paper is organized as follows. In next section, we
first design a reference model with parameter updated law from
the measured output. An adaptive control law is thus designed.
The main results are stated in this section. Section 3 is devoted to
the proof of main results. In Section 4, we present some illustrative
simulation results.

2. Adaptive servomechanism design and main results

Our reference model is completely inspired from model
reference adaptive control approach in identifying the unknown
parameters. For the reference signal yref (t), we design the
following reference model:

ytt(x, t) =yxx(x, t),
yx(0, t) =

m
j=1


θj(t) sinαjt + ϑj(t) cosαjt


+ qyt(0, t),

y(1, t) = yref (t),
θ̇j(t) = −rj(yt(0, t)−yt(0, t)) sinαjt,
ϑ̇j(t) = −lj(yt(0, t)−yt(0, t)) cosαjt,
θj(0) = θj0, ϑj(0) = ϑj0, j = 1, 2, . . . ,m,y(x, 0) =y0(x), yt(x, 0) =y1(x),

(4)

where rj, lj, j = 1, 2, . . . ,m are positive constants, θj(t) is the
updated parameter for unknown parameter θ̄j, and ϑj(t) is for
ϑ̄j. It is seen that system (4) is completely determined by the
measured output of system (2) and the reference signal yref (t)
only. There are some advantages for system (4): (a) The right
boundary of (4) produces the reference signal yref (t); (b) system
(4) is exponentially stable when the disturbance and reference are

disconnected in the sense yref (t) = 0 and
m

j=1


θj(t) sinαjt +

ϑj(t) cosαjt


= 0; (c) when the disturbance and reference are
connected, system (4) is always bounded which will be discussed
later. The aim of designing (4) is to make system (2) track (4) and
as a result, y(1, t) tracksy(1, t) = yref (t).

Let ε(x, t) = y(x, t) −y(x, t) be the error between system (2)
and state reference system (4). Then ε(x, t) is governed by

εtt(x, t) = εxx(x, t),

εx(0, t) = qεt(0, t)+

m
j=1

θj(t) sinαjt +ϑj(t) cosαjt

,

εx(1, t) = U(t)− ŷx(1, t),̇θ j(t) = rjεt(0, t) sinαjt,̇ϑ j(t) = ljεt(0, t) cosαjt,θj(0) = θ̄j − θj0 =θj0, ϑj(0) = ϑ̄j − ϑj0 = ϑj0,

(5)


ε(x, 0) = y0(x)−y0(x) = ε0(x),
εt(x, 0) = y1(x)−y1(x) = ε1(x),

whereθj(t) = θ̄j − θj(t),ϑj(t) = ϑ̄j − ϑj(t), j = 1, 2, . . . ,m, are
the parameter errors.

We propose the following output feedback control:
U(t) = −c1ε(1, t)+ ŷx(1, t)

= −c1[y(1, t)− yref (t)] + ŷx(1, t), (6)
where c1 > 0 is a design parameter and ε(1, t) = y(1, t)− yref (t)
is the performance output tracking error.

Then system (5) corresponding to the feedback control (6)
becomes

εtt(x, t) = εxx(x, t),

εx(0, t) = qεt(0, t)+

m
j=1

θj(t) sinαjt +ϑj(t) cosαjt

,

εx(1, t) = −c1ε(1, t),̇θ j(t) = rjεt(0, t) sinαjt,̇ϑ j(t) = ljεt(0, t) cosαjt,θj(0) =θj0, ϑj(0) = ϑj0, j = 1, 2, . . . ,m
ε(x, 0) = ε0(x), εt(x, 0) = ε1(x).

(7)

A motivation for the design of parameter update laws θj(t) and
ϑj(t), j = 1, 2, . . . ,m is that the closed-loop system (7) has the
Lyapunov function following:

Eε(t) =
1
2

 1

0
[ε2t (x, t)+ ε2x (x, t)]dx +

c1
2
ε2(1, t)

+
1
2

m
j=1

θ2j (t)
rj

+

ϑ2
j (t)

lj


. (8)

Actually, a simple formal computation along the solution of (7)
yields
Ėε(t) = εt(x, t)εx(x, t)|10 + c1ε(1, t)εt(1, t)

+

m
j=1


1
rj
θ(t)̇θ(t)+

1
lj
ϑj(t)̇ϑ j(t)


= −qε2t (0, t) ≤ 0. (9)

Let V = H3(0, 1) ∩ D(A) with A being an operator defined in
L2(0, 1) by

Aφ(x) = −φ′′(x), ∀φ(·) ∈ D(A),

D(A) =


φ(·) ∈ H2(0, 1), φ′(0) = 0,

φ′(1) = −c1φ(1)

.

(10)
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