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Real-world signals are often not band-limited, and in many cases of practical interest sampling points are
not always measured regularly. The purpose of this paper is to propose an irregular sampling theorem
for the fractional Fourier transform (FRFT), which places no restrictions on the input signal. First, we
construct frames for function spaces associated with the FRFT. Then, we introduce a unified framework
for sampling and reconstruction in the function spaces. Based upon the proposed framework, an
FRFT-based irregular sampling theorem without band-limiting constraints is established. The theoretical
derivations are validated via numerical results.
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1. Introduction

The fractional Fourier transform (FRFT) [1,2] is a generalization
of the Fourier transform (FT) with additional free angle parameters.
It can be interpreted as a rotation by an angle « in the time-
frequency plane [3]. The FRFT can extend the utilities of the FT and
has received much attention in recent years due to its numerous
applications [1-9], including quantum physics, optics, radar, com-
munications, signal processing, etc.

The FRFT of a function f(t) € L2(R) is defined as [2]

Fa(u)=J-‘°‘{f(t)}(u)é/f(t)lca(u,t)dt (1)
R

where 7% denotes the FRFT operator, and Kernel Ky (u, t) is given
by

Awej”zf2 cotop—jtucsca £k
Ko, t) =1 st —u), o =2k (2)
S(t+u), oa=02k-Dm

where Ay = /(1 — jcota)/2m and k € Z. Conversely, the inverse
FRFT with respect to angle « is the FRFT with angle —«. In gen-
eral, we only consider the case of 0 <« < 7, since (1) can easily
be extended outside the interval (0,7) by noting that F27k is
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the identity operator for any integer k and 7% has the additivity
property FetA{f(t)} = FY{FP{f(t)}}. Note that when o = 77/2,
(1) reduces to the FT.

Sampling theory plays a crucial role in signal processing and
communications, which allows real-life signals in the continuous
domain to be acquired, represented, and processed in the discrete
domain. In the sense of the FRFT [10-21], the most classical sam-
pling result is the theorem of Xia [10], which states that for a
finite energy m sina-fractional band-limited signal f(t), i.e., signal
f(t) € L*(R) whose FRFT has support in [—7 sinc, 7 sine],

$2_pn2
f©O =Y finlsinc(t —nye~ 77" cote 3)

nez

where sinc(-) £ sinw(-)/7(-), and a normalized sampling step is
used. Mathematically, Xia’s sampling procedure is equivalent to

computing the orthogonal projection of the input signal f(t) on to
2 _p2
the space By = span{sinc(t—n)e‘f[ 7 cotay - of fractional band-

limited signals. Unfortunately, the procedure is not appropriate for
non-bandlimited signals. However, if we substitute ¢ (t) for sinc(t)
in the space By, then B, is exactly the function space associated
with the FRFT [22], i.e,,

2 p2
V() = $Pan{dn.a(t) £ p(t —me ™I 2~ @) CI2(R). (4)

Realizing this property, Shi et al. [22] extended (3) to space Vy (¢).
Specifically, let ¢(t) be a continuous function in L%(R) such that
{¢n,a (O)}nez is a Riesz basis for space Vy(¢) and {¢[n]}ez belongs

)
to ¢2(Z). There exists a function s(t) € L2(R) with s(t)e ™7 cot® ¢
Va (¢) such that [22]
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fy= Z Flnls(t — nye—i 3" coter )

nez
. 2 . . ‘l
holds in L“(R) for any f(t) € V4(¢) if and only if e T €

L2[0, 27t sine] holds, where 5(u cscar) denotes the discrete-time
FT (with its argument scaled by csca) of ¢[n]. It is clear that
(5) applies only to the case of regular sampling. In many real
applications, sampling points are not always measured regularly.
Sometimes sampling steps need to be fluctuated according to in-
put signals so as to reduce the number of samples as well as
computational complexity. There are also many cases where un-
desirable jitter exists in sampling instants. Some communication
systems may suffer from random delay due to channel traffic con-
gestion and encoding delay. In such cases, the sampling system
will become more efficient when a perturbation factor is consid-
ered. Towards this end, Zhao et al. [23] introduced an extension of
Paley-Wiener's }l—Theorem based upon the linear canonical trans-
form, which is a generalization of the FRFT. However, the extension
is appropriate to the case of band-limited signals only. Therefore,
it is desirable to derive an irregular sampling theorem for the FRFT
without band-limiting constraints. The purpose of the present pa-
per is to fill this gap by exploiting the theory of frames. We first
construct frames for function spaces associated with the FRFT, and
then propose a unified framework for sampling and reconstruction
in the function spaces. Further, without band-limited assumption,
we establish an irregular sampling theorem for the FRFT. Numeri-
cal results are also presented.

The remainder of this paper is organized as follows. In Sec-
tion 2, notation is introduced, and some facts of the frame the-
ory and the discrete-time FRFT are briefly reviewed. In Section 3,
a unified framework for FRFT-based sampling and reconstruction
in function spaces is proposed. Then, an irregular sampling theo-
rem of the FRFT without band-limiting constraints is established
in Section 4. In Section 5, numerical results are given. Finally, con-
cluding remarks are drawn in Section 6.

2. Preliminaries

Continuous signals are denoted with parentheses, e.g., f(t),
t € R, and discrete signals with brackets, e.g., q[n], n € Z. The
scalar product of two functions f(t) and g(t) in L?(R) is defined
as (f,g) = [z f(Og*()dt, where « in the superscript denotes the
complex conjugate. The norm of a function f(t) € L2(R) is de-
fined as | f|l = (f, f)1/2. For a measurable function g(t) on R,
let ||glloc =esssup|g(t)| and ||gllo = essinf|f(t)| be the essential
supremum and infimum of |g(t)|, respectively. The characteristic
function of a measurable subset E C R is denoted with xg(t),
where xp(t) =1, t € E, and 0 otherwise.

A function sequence {n(t)}nez in a Hilbert space H is said to
be a frame if there exists a constant C > 1 such that

AR <Y )(F©. )] < CUFI (6)
nez

holds for any f(t) € H. If the removal of one element ¢p(t) ren-

ders the function sequence {y(f)}nm no longer a flame, then it is

called an exact frame. An exact frame is a Riesz basis. Obviously,

a Riesz basis is also a frame [24]. For any frame {@,(t)}nez of H,

there exists a so-called dual frame {@p(t)}necz C H such that

F@O =Y (F©), ga®)gn(®) =D (), @n(®))@n(t) (7)
nez nez

holds in L%(R) for any f(t) € H. Take a linear operator T on #

defined as

T{f O} =D (F©). on®)n(0). (8)

nez

Then, (T{f(O}. (1)) = Xpez, 1 (©). ()2 Eq. (6) implies that
the operator T is bounded, self-conjugate, and invertible. It is easy
to see that the function sequence T~'{¢,(t)}nez is a dual frame of
frame {@n(t)}nez, and T is called a frame transform of {@(t)}nez-
The scalar sequence {(f(t), ¢n(t))}nez is called a moment sequence
of f(t) to frame {¢n(O)lncz. Let f(O) = Yz, Ca@n(t). If {Calnez is
a moment sequence of a function to {¢y(t)}ncz, then it must be

o =(T"{fO}. o). YneZ ©)

This follows from the fact that ¢, = (h, ¢, (t)) for some function
h(t) € H, and T-H{f(O)} = 3,70, ea®)T e} = h(t) in
L2(R).

There are two different definitions [12,25] for the discrete-time
FRFT (DTFRFT) in the literature. We adopt the one introduced in
[12], which has a simple structure. The DTFRFT of a sequence
{q[n]}nez is defined as [12]

Qu(w) =) qInlKe (u, n). (10)

nez

Note that if {g[n]}nez € €2(Z), Qo) € 1[0, 277 sinr]. Conversely,
the inverse DTFRFT is given by q[n] = jl Qo (W) (u, n)du, where
[ 20,27 sinae]. The DTFRFT has the following chirp-periodicity
[22]:

~ . _ s (u427 sin rx)z
Qu(u+2msina)e™ 2

~ 2
COta:Qa(u)e_]uTCOta. (11)
3. A unified framework for sampling and reconstruction in
function spaces associated with the FRFT

For a continuous-time function ¢ (t) € L(R), define

Gd,,o,(u)éZ|(b(ucscot+2k7t)|2 (12)
keZ

where @ (ucsco) denotes the FT (with its argument scaled
by csca) of ¢(t). Generally speaking, the function sequence
{¢n,a () }nez with the form defined in (4) is not a Riesz basis for
Vq (¢). In fact, it is a Riesz basis for Vy(¢) if and only if [21,22]

0= o]y = [Goati], <oo. (13)

In this case, ¢ (t) is said to be a stable generator for V,(¢). More-
over, the function sequence {¢n ¢ (t)}nez is an orthonormal basis
of Vy(¢) if and only if Gy o(u) =1 holds for almost everywhere
u € R. In particular, if we choose ¢ (t) = sinc(t), the stable space
Vq (sinc) is exactly the space of all 7 sina-fractional band-limited
signals with finite energy. Sampling in ), (sinc) leads to Xia's sam-
pling theorem of the FRFT for regularly sampled signals [10]. In
this paper, we will present an irregular sampling theorem of the
FRFT in V,(¢) for a general stable generator ¢(t). We also need
@) =0((1+|t))~¢) for some € > 1/2. For any f(t) € Vy(¢), it
follows from (4) that

FO =Y clmig (¢ — myeI =7 ot (14)

meZ

where {c[m]}mez € £2(Z). It is easy to see that

2 m? 2
3 ctmlg (e —mye I Z | < S |emP Y g e — my)?

meZ meZ meZ

(15)

which implies that the series defined in (14) point-wise converges
to a continuous function in V,(¢). Without loss of generality, we
can take any f(t) € Vy(¢) as a continuous function.
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