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a b s t r a c t

We develop a stochastic approximation version of the classical Kaczmarz algorithm that is incremental in
nature and takes as input noisy real time data. Our analysis shows that with probability one it mimics the
behavior of the original scheme: starting from the same initial point, our algorithm and the corresponding
deterministic Kaczmarz algorithm converge to precisely the same point. The motivation for this work
comes from network tomography where network parameters are to be estimated based upon end-to-
end measurements. Numerical examples via Matlab based simulations demonstrate the efficacy of the
algorithm.

© 2013 Elsevier Ltd. All rights reserved.

1. Introduction

1.1. Kaczmarz algorithm

The Kaczmarz algorithm (Kaczmarz, 1937) is a successive pro-
jection based iterative scheme for solving ill posed linear systems
of equations. Since its introduction, its convergence properties
have been extensively analyzed (Galántai, 2004) and it has found
diverse applications in areas ranging from tomography (Popa
& Zdunek, 2004), synchronization in sensor networks (Freris &
Zouzias, 2012), to learning and adaptive control (Åström, 1983;
Parks &Militzer, 1992; Richalet, Rault, Testud, & Papon, 1978). The
original algorithm is deterministic, but some applications, notably
network tomography which we describe later, call for a stochas-
tic version. In this article, we introduce and analyze a stochas-
tic approximation version based on the Robbins–Monro paradigm
(Robbins & Monro, 1951) that has become a standard workhorse
of signal processing and learning control (Benveniste, Métivier, &
Priouret, 1990; Kushner & Yin, 2003). We use the ‘o.d.e.’ approach
(Derevitskii & Fradkov, 1974; Ljung, 1977) to analyze the scheme
and argue that it has the same asymptotic behavior as the original
deterministic scheme ‘almost surely’. While we apply our results
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to network tomography in this article, we believe that this anal-
ysis will be of use in other areas mentioned above. In particular,
networked control is one potential application area.

A significant development in this line of research is the random-
ized Kaczmarz scheme with provable strong convergence proper-
ties (Leventhal & Lewis, 2010; Strohmer & Vershynin, 2009), and
recent modifications to improve performance by weighted sam-
pling (Freris & Zouzias, 2012; Zouzias & Freris, 2012). The impor-
tant difference between these works and ours is as follows. For
them, the randomization is over the choice of rows, which is a part
of the algorithm design and can be chosen at will. In our case, how-
ever, a part of the randomness is due to noise and not under our
control, as also in the choice of rows which a priori we allow to be
uncontrolled.

1.2. Network tomography

Network tomography is the inference of spatially localized net-
work behavior using onlymeasurements of end-to-end aggregates.
Recent work can be classified into traffic volume and link delay
tomography. A basic paradigm in both these is to infer the statis-
tics of the random vector X from an ill posed measurement model
Y = AX , where the matrix A is assumed to be known a priori. See
Castro, Coates, Liang, Nowak, and Yu (2004), Coates, Hero, Nowak,
and Yu (2002) and Lawrence, Michailidis, and Nair (2007) for ex-
cellent surveys.

In the transportation literature, the aim is to estimate the traffic
volume on the end-to-end routes assuming access to only traffic
volumes on a subset of links (Bell, 1991; Maher, 1983; Sherali,
Sivanandan, & Hobeika, 1994; Vardi, 1996). An excellent survey
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is given in Abrahamsson (1988). An analogous problem has been
addressed in packet networking (Feldmann et al., 2001; Zhang,
Roughan, Duffield, & Greenberg, 2003; Zhang, Roughan, Lund, &
Donoho, 2003). In all of these works, one sample of Y is assumed
available and X is estimated by a suitable regularization.

Link delay tomography deals with estimation of link delay
statistics from path delaymeasurements. Here the network is usu-
ally assumed to be in the form of a tree. Multicast probe packets,
real or emulated, are sent from the root node to the leaves. For
each probe packet, a set of delay measurements for paths from the
root node to the leaf nodes is collected. These delays are correlated
and this correlation is exploited to estimate the link delay statis-
tics (Adams et al., 2000; Cáceres, Duffield, Horowitz, & Towsley,
1999; Duffield, Horowitz, Presti, & Towsley, 2001; Presti, Duffield,
Horowitz, & Towsley, 2002). Using T independent samples of the
path delay vector, an expectationmaximization based algorithm is
derived to obtain themaximum likelihood estimates of the link pa-
rameters. There is also work on estimating link level loss statistics
(Cáceres et al., 1999), link level bandwidths (Downey, 1999), link-
level cross traffic (Prasad, Dovrolis,Murray, & Claffy, 2003) andnet-
work topology (Duffield, Horowitz, Presti, & Towsley, 2002) using
end-to-end measurements.

1.3. Summary of our work

We show that, starting from the same initial point, the
stochastic approximation variant of the Kaczmarz (SAK) algorithm
and the deterministic Kaczmarz algorithm converge to the same
point. Using this, we develop a novel online algorithm for
estimation of the means (more generally, moments and cross-
moments) of the elements of the vector X from a sequence of
measurements of the elements of the vector Y = AX . Our scheme
can be used for both traffic volume and link delay tomography. An
important advantage of our scheme is that it is real time—taking
observed data as inputs as they arrive and making incremental
adaptation. Also, unlike previous approaches, our scheme allows
for elements of X to be correlated. While our analysis is under
the simplifying statistical assumption that the samples are IID, we
point out in Section 5 that these can be relaxed considerably. For
link delay tomography, our algorithm does away with the need for
multicast probe packet measurements and can be used even for
networks with topologies other than tree.

2. Model and problem description

2.1. Basic notation

For n ∈ N, [n] := {1, . . . , n}. For vectors, we use ∥ · ∥ to denote
their Euclidean norm and ⟨·, ·⟩ for inner product. For a matrix A, ai
denotes its ith row, aij its (i, j)th entry, RA its row space and A′ its
transpose. We use ẋ(t) to denote the derivative of the map x with
respect to t .

Let X ≡ (X(1), . . . , X(N))′ denote the random vector with
finite variancewhose statistics wewish to estimate. Let A ∈ Rm×N ,
m < N , be an a priori known matrix with full row rank and let

Y ≡ (Y (1), . . . , Y (m))′ = AX + W , (1)
where W is a zero mean, bounded variance random variable
denoting noise in the measurement. Let Z be a random variable
taking values in [m] such that, ∀i ∈ [m], Pr{Z = i} =: λi > 0. Let
{Xk}, {Zk}, {Wk}, k ≥ 1, be IID copies of X, Z,W , that are jointly
independent, and Yk := AXk+Wk. (The IID assumption is purely for
simplicity of analysis. We point out later that these results extend
to much more general situations.) We assume that at each time
step k, we know only the value of Zk+1 and the Zk+1th component
of Yk+1, i.e., Yk+1(Zk+1) =: Yk+1.

Our objective is to develop a real-time algorithm, with provable
convergence properties, to estimate the moments and cross-
moments of the random vector X .

3. Preliminaries

3.1. Stochastic approximation algorithms

The archetypical stochastic approximation algorithm is

xk+1 = xk + ηk[h(xk) + ξk+1], (2)

where h : Rn
→ Rn is Lipschitz, {ηk}k≥0 is a positive stepsize se-

quence satisfying


k≥0 ηk = ∞ and


k≥0(ηk)
2 < ∞, and ξk+1

represents noise. As ηk → 0, (2) can be viewed as a noisy dis-
cretization of the o.d.e.

ẋ(t) = h(x(t)). (3)

This is the ‘o.d.e. approach’ (Derevitskii & Fradkov, 1974; Ljung,
1977). More specifically, suppose that the following assumptions
hold.

(A1) {ξk} is a square-integrable martingale difference sequence
w.r.t. the σ -fields {Fk}, Fk := σ(x0, ξ1, . . . , ξk), satisfying
E[∥ξk+1∥

2
|Fk] ≤ L(1 + ∥xk∥2) a.s. for some L > 0.

(A2) ∀u, h∞(u) := limc↑∞ h(cu)/c exists (h∞ will be necessarily
Lipschitz) and the o.d.e. ẋ(t) = h∞(x(t))has origin as its glob-
ally asymptotically stable equilibrium.

(A3) H := {x ∈ Rn
: h(x) = 0} ≠ ∅. Also, ∃ a continuously differ-

entiable Lyapunov function L : Rn
→ R such that ⟨∇L(x),

h(x)⟩ < 0 for x ∉ H .

Then, as in Chapters 2, 3 of Borkar (2008), we have the following
lemma.

Lemma 1. The iterates {xk} of (2) a.s. converge to H.

3.2. Kaczmarz algorithm

Consider the inverse problem of finding a fixed v∗
∈ RN from

Av∗, where A is as defined in Section 2. W.l.o.g., let rows of A be of
unit norm. Given an approximation x0 of v∗, a natural optimization
problem to consider is

min
u∈RN

∥u − x0∥ , subject to Au = Av∗. (4)

Elementary calculation shows that its solution is

x∗
= x0 + A′(AA′)−1(Av∗

− Ax0). (5)

Clearly, x∗
∈ A0

:= x0 + RA. As A has full row rank, x∗ is the only
point in A0 that satisfies Au = Av∗. The Kaczmarz algorithm uses
this fact to solve (4). With prescribed initial point x0, stepsize κ ,
and rk ≡ (k mod m) + 1, its update rule is given by

xk+1 = xk + κ[⟨ark , v
∗
⟩ − ⟨ark , xk⟩]ark . (6)

Theorem 1 (Chong & Zak, 2001). If 0 < κ < 2, then xk → x∗ as
k → ∞.

Let A∗
:= v∗

+ RA. Since A0, A∗ are translations of RA,
dist(x0, A∗) = dist(A0, v∗). As A(x∗

− v∗) = 0, (x∗
− v∗) ⊥ RA.

Thus, (x∗
− v∗) ⊥ A0, A∗. Hence, ∥v∗

− x∗
∥ = dist(A0, v∗) =

dist(x0, A∗). Thus we have the following lemma.

Lemma 2. For any δ > 0, ∥x∗
− v∗∥ < δ if and only if dist(x0, A∗)

< δ.

4. The SAK algorithm

We develop here a SAK algorithm to estimate EX for the model
of Section 2. Let x0, an approximation toEX , be given. Observe from
(1) that

EY = AEX . (7)
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