
Automatica 54 (2015) 91–99

Contents lists available at ScienceDirect

Automatica

journal homepage: www.elsevier.com/locate/automatica

Time cardinality constrained mean–variance dynamic portfolio
selection and market timing: A stochastic control approach✩

Jianjun Gao a, Duan Li b, Xiangyu Cui c, Shouyang Wang d

a Department of Automation, Shanghai Jiao Tong University and Key Laboratory of System Control and Information Processing,
Ministry of Education of China, Shanghai, 200240, China
b Department of Systems Engineering and Engineering Management, The Chinese University of Hong Kong, Hong Kong
c School of Statistics and Management, Shanghai University of Finance and Economics, Shanghai, China
d Academy of Mathematics and System Sciences, Chinese Academy of Sciences, Beijing, China

a r t i c l e i n f o

Article history:
Received 17 September 2013
Received in revised form
26 November 2014
Accepted 19 January 2015
Available online 17 February 2015

Keywords:
Multi-period portfolio selection
Multi-period mean–variance formulation
Stochastic control
Cardinality constraint
Market timing

a b s t r a c t

An investor does not always invest in risky assets in all the time periods, often due to a market timing
consideration and various forms of market friction, including the management fee. Motivated by this ob-
served common phenomenon, this paper considers the time cardinality constrained mean–variance dy-
namic portfolio selection problem (TCCMV) in markets with correlated returns and in which the number
of time periods to invest in risky assets is limited. Both the analytical optimal portfolio policy and the an-
alytical expression of the efficient mean–variance (MV) frontier are derived for TCCMV. It is interesting to
note whether investing in risky assets or not in a given time period depends entirely on the realization of
the two adaptive processeswhich are closely related to the local optimizer of the conditional Sharpe ratio.
By implementing such a solution procedure for different cardinalities, theMV dynamic portfolio selection
problemwithmanagement fees can be efficiently solved for a purpose of developing the best market tim-
ing strategy. The final product of our solution framework is to provide investors advice on the bestmarket
timing strategy including the best time cardinality and its distribution, as well as the corresponding in-
vestment policy, when balancing the consideration of market opportunity and market frictions.

© 2015 Elsevier Ltd. All rights reserved.

The ground-breaking mean–variance (MV) formulation pro-
posed by Markowitz (1952) 60 years ago initialized the modern
era of portfolio selection. The earliest work on dynamic portfolio
selection was dominated by the utility maximization framework
pioneered by Merton (1969). After the static MV portfolio selec-
tion theory was extended to continuous-time MV portfolio selec-
tion by Bajeux-Besnainou and Portait (1998) using the martingale
approach, and to multi-period and continuous-time MV portfolio
selection, respectively, by Li and Ng (2000) and Zhou and Li (2000)
using the stochastic control approach, the past decade has wit-
nessed significant advancement of both theory andmethodologies
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for dynamicMVportfolio selection by leaps andbounds, see, for ex-
ample, Basak and Chabakauri (2010), Bielecki, Jin, Pliska, and Zhou
(2005), Cui, Gao, Li, and Li (2014), Cui, Li, Wang, and Zhu (2012), Li,
Zhou, and Lim (2001), Lim and Zhou (2002) and Zhu, Li, and Wang
(2004).

An investor does not always invest in risky assets in all time pe-
riods, often due to amarket timing consideration and various forms
of market frictions, including management fees. Motivated by this
observed common phenomenon, we investigate in this paper the
time cardinality constrained mean–variance dynamic portfolio se-
lection problem (TCCMV) inmarketswith correlated returns and in
which the number of time periods to invest in risky assets is lim-
ited, and, furthermore, the mean–variance dynamic portfolio se-
lection problemwithmanagement fees for a purpose of developing
better market timing strategies.

Market timing strategies (MTS), which have been widely
adopted in financial practice, refer to investment strategies that
strategically shift the fund completely between risky and riskfree
assets after observing and predicting market conditions. Based on
one- or two-step predictions of the expected return of the stocks,
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Pesaran and Timmermann (1994) studied how investors should
shift their funds between risky and riskfree accounts and proposed
implementing MTS in a fashion of rolling horizon: choose from
among four possible choices at each time t for the two periods
ahead (invest or do not invest in risky assets in both t + 1 and
t + 2, or choose one period between t + 1 and t + 2 to invest).
Breen, Glosten, and Jagannathan (1989) and Pesaran and Timmer-
mann (1994) carried out empirical studies which verified that MTS
outperforms buy-and-hold policies due to utilization of its predic-
tion power. Considering the transaction cost, Li and Lam (2002) in-
vestigated the optimal market timing strategy by maximizing the
expected return. Recently, Schizas and Thomakos (2015) carried on
an empirical study on viability of amarket timing strategy based on
the pair-trading. Readerswho are interested in this subjectmay re-
fer to the references in Schizas and Thomakos (2015).

Investors gain useful information for the future from the past
market movement (thus possessing certain kind of prediction
power) only when the returns are correlated among different time
periods. While most of the studies in discrete-time portfolio selec-
tion assume time independency of the return vector, exceptions
include Çakmak and Özekici (2006), Costa and Araujo (2008) and
Costa and Oliverira (2012) where a Markovian process is adopted
to model the dynamics of the price process. General forms of cor-
relation structure are assumed for returns in the portfolio selec-
tion formulations of Dokuchaev (2007, 2012), Xu and Li (2008)
and Zhang and Li (2012). Černý and Kallsen (2009) studied the
variance-optimal hedging problem in a framework under general
semi-martingale price process, which includes both discrete-time
and continuous-timeMVmodels as its special cases and allows the
returns to be correlated.

Existence of market frictions is the driving force behind the
emergence of MTS. Market frictions constitute the cost of invest-
ment, thus a hidden reason that prevents investors from holding
the risky assets all the time. In plain language, MTS is to iden-
tify the timing when the benefits from investment overcome the
cost. One typical formofmarket friction involvesmanagement fees
charged by fund managers for managing the portfolio. Take the
practice of AIS (The American Investment Service, 2010) as an il-
lustration: For investorswith assets undermanagement (AUM) be-
tween US$100,000 and US$250,000, the annual fee charged by AIS
is 0.80%of AUMorUS$1500,whichever is greater. Due to the set-up
type of management costs for managing the risky assets, investors
do not always invest in risky assets in all time periods. Dokuchaev
(2012) considered another type of management fee, i.e., the pro-
portional management cost, in his study of portfolio allocation un-
der a framework of utility maximization.

The contributions of this paper are two-fold, in both building
up model formulations to address a real-world challenge in mar-
ket timing under a mean–variance framework and deriving corre-
sponding analytical solutions. For the first time in the literature,
we propose a formal model of TCCMV for market timing under
a multi-period mean–variance framework, while the current MTS
literature only adopts the expected portfolio return as the indica-
tor to decide the best timing and has been dominated by the results
for short time periods, two time periods for almost all the cases.
Furthermore, we propose a novel model for mean–variance dy-
namic portfolio selection with management fees (of a set-up type)
which yields the optimalmarket timing strategy including the best
time cardinality and its distribution, as well as the corresponding
portfolio policy, such that achieving a balance betweenmarket op-
portunity and market friction. Technically, solving our proposed
newmodel for TCCMV andMV portfolio selection with set-up type
management fees invokes innovative stochastic control approach
with a distinct feature of cardinality constraints on control, which
has been only developed recently for deterministic cardinality con-
strained linear–quadratic control (Gao & Li, 2011). Our stochastic

model setting demands new efforts to establish a solution frame-
work for stochastic cardinality constrained linear–quadratic con-
trol. The consideration of market timing and the set-up type of
management fee essentially make the control mode switching be-
tween the two: Investing in risky assets or withdrawing com-
pletely from risky assets. The stochastic TCCMVproblem studied in
this paper requires exploration of sufficient statistics extracted from
market history and correlation structure of the returns to build up a
feedback control law to handle both discrete and continuous types
of control, corresponding to the best investment timing and opti-
mal portfolio weights, respectively.

The remaining of this paper is organized as follows.We first give
the problem formulation for TCCMV in Section 1.We then derive in
Section 2 the optimal portfolio policies for TCCMVwith its financial
implications. We discuss further in Section 3 mean–variance port-
folio optimization with management fee of a set-up type, which
offers advice to investors on the best market timing strategy in-
cluding the best time cardinality and its distribution, as well as
the corresponding investment policy. We present in Section 4 an
example to illustrate the proposed solution procedure and the de-
rived bestmarket timing strategy. Finally,we conclude the paper in
Section 5. We use π(·) and v(·) to denote the optimal control (pol-
icy) and the optimal value of problem (·), use 1 for a vector with
all elements being 1 and denote by A ≻ 0 for a positive definite
matrix A.

1. Problem formulation for time cardinality constrained mar-
ket timing

We consider a capital market with n risky assets and one risk-
less asset, all ofwhich evolvewithin a timehorizon of T periods. Let
the returns of the riskless asset be rt , t = 0, . . . , T − 1, which are
assumed to be deterministic. Denote the return vector of risk assets
in period t by et ,
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′, which is a square integrable
random vector. In our study, we allow return vectors in different
timeperiods, {et}|T−1

t=0 , to be statistically correlated. All the random-
ness is modeled by a standard probability space {Ω, {Ft}|

T
t=0, P},

where Ω is the event set, Ft is the σ -algebra of the event available
at time t with F0 = {∅, Ω}, and P is the probability measure. Let
ui
t be the dollar amount invested in the ith risky asset in period t ,

i = 1, . . . , n, and xt be the wealth level in period t . Then, given the
initial wealth x0, the dynamics of wealth evolves as follows,
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tut

= rtxt + P′
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rt1 is the excess return vector. We say that ut is an admissible
trading strategy if it is Ft measurable. We use the notations Et [·],
Covt [·] and Vart [·] to denote the conditional expectation E[·|Ft ],
the conditional covariance matrix Cov[·|Ft ] and the conditional
variance Var[·|Ft ], respectively. At t = 0, we simply use E[·]
for E[·|F0]. We assume that the conditional covariance matrices
Covt [et ], t = 0, . . . , T − 1, are all positive definite (please refer to
Cui et al., 2014 and Li et al., 2001).

Let us consider to impose the following time cardinality con-
straint on admissible trading strategies,

T−1
t=0

δ(ut) ≤ s ≤ T , (2)

where δ(·) is the indicator function, i.e., δ(a) = 0 if a is a zero vec-
tor and δ(a) = 1 otherwise, with a purpose to identify the best
s periods out of the T time periods for investment. We term the
following problem as the time cardinality constrainedMV portfolio
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