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This paper studies some systems of coupled generalized Sylvester matrix equations. We present some
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1. Introduction

The generalized Sylvester matrix equations have been attract-
ing much attention from both theoretical and practical points of
view. Many problems in control theory can be transformed into
the generalized Sylvester matrix equations, such as singular sys-
tem control (Gavin & Bhattacharyya, 1982; Kwon & Youn, 1987;
Shahzad, Jones, Kerrigan, & Constantinides, 2011), robust control
(Cavinlii & Bhattacharyya, 1983; Chen, Patton, & Zhang, 1996;
Park & Rizzoni, 1994; Varga, 2000), neural network (Zhang, Jiang,
& Wang, 2002), Luenberger-type observer design (Duan, Liu, &
Thompson, 2001; Tsui, 1988), feedback (Syrmos & Lewis, 1993). A
great number of papers have presented several methods for solv-
ing generalized Sylvester matrix equations (e.g. Castelan & Gomes
da Silva, 2005; Dehghan & Hajarian, 2012; Ding & Chen, 2006; El
Guennouni, Jbilou, & Riquet, 2002; Hu & Reichel, 1992; Kdgstrom,
1994; Song & Chen, 2011; van der Woude, 1987; Wang, Sun, & Li,
2002; Wang, van der Woude, & Chang, 2009; Wu, Duan, & Zhou,
2008; Xie, Ding, & Ding, 2009; Zhou & Duan, 2008).
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The study on the mixed generalized Sylvester matrix equations
is active in recent years. Lee and Vu (2012) derived a necessary and
sufficient solvability condition for the system

AX — YB; = G, 1)
AZ — YBy = Gy,

where A;, B; and G; (i = 1, 2) are given complex matrices, X, Y
and Z are variable matrices. Liu (2006) gave a solvability condition
to (1). Recently, Wang and He (2013) presented a new necessary
and sufficient solvability condition for the system (1), and gave
an expression of the general solution when it is solvable. The
admissible ranks of the solution to (1) were presented by Wang and
He (2013). He and Wang (2014) gave some necessary and sufficient
solvability conditions for the system

AX — YB; = G, @)
AY — 7By, = G,

and derived an expression of the general solution to (2). When

X = Z, the system (1) becomes pairs of generalized Sylvester
equations
AX —YB; =(q, 3)
AX — YBy = Gy.

Wimmer (1994) gave a necessary and sufficient condition for
the existence of a simultaneous solution of (3). Kdgstrom (1994)
obtained a solution of (3) by using generalized Schur methods.
Motivated by the wide application of generalized Sylvester ma-
trix equation and in order to improve the theoretical development
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of generalized Sylvester matrix equations, we consider the coupled
generalized Sylvester matrix equations

A]X - YB] - C],
AZ —YB, = G, (4)
AsZ — WB3 = (3,
AX — YB;, = (.
AY — 7B, = (3, (5)
AsZ — WB; = Gs,
A X —YB; =(4,
AY — 7B, = G, 6)
AsW — ZB3 = (3,

where A;, B;and G; (i = 1, 2, 3) are given complex matrices,X, Y, Z
and W are variable matrices.

The main contribution of this paper is to present some
solvability conditions and the expressions of the general solutions
to the above-mentioned systems of coupled generalized Sylvester
matrix equations (4)-(6).

The paper is organized as follows. In Section 2, we give some
known results and lemmas. In Section 3, we consider the solvability
conditions and the expressions of the general solutions to the
coupled generalized Sylvester matrix equations (4)-(6).

Throughout this paper, we denote the complex number field
by C. The notation C™*" stands for the set of all m x n complex
matrices. The identity matrix with an appropriate size is denoted
by I. For a complex matrix A, the symbols A* and r(A) stand
for the conjugate transpose and rank of A, respectively. The
Moore-Penrose inverse of A € C™", denoted by A', is defined to
be the unique solution X to the following four matrix equations

AXA=A, XAX=X, (AX)*=AX, (XA)* =XA.

Furthermore, L4 and R, stand for the two projectors Ly = I — AtA

and Ry = I — AA' induced by A, respectively.

2. Preliminaries

We first review some lemmas which are used in the further
development of this paper. Observe that
A1X1 + XoB1 + CG3X3D3 + C4X4Dy = E4 (7)
can take a key role in investigating the general solutions to the
coupled generalized Sylvester matrix equations (4)-(6).

Lemma 2.1 (Wang & He, 2012). Let A1, B1, C3, D3, C4, Dy, and E; be
given. Set

A =Ry, G, B = Dslp,, C =Ra Gy, D = D4lg,,
E = Ra,EqLg,, M = R4C, N = DL, S = CLy.
Then the following statements are equivalent:
(1) Eq. (7) is consistent.
(2)
RyRAE =0,  Elgly =0, R4ELp=0, RcELy=0.

In this case, the general solution can be expressed as
X1 = Al(E; — G3X3D3 — C4XaDg) — Al T;By + Ly, T,
Xz = Ra, (Ey — C3X3D3 — C4XaD4)B} + ALAIT; + TgRg,,
X; = A'EBY — ATcMTEBT — ATSCTENTDB!
— ATST,RNyDB' + L4T4 + TRy,
X, = MYEDT + STSCTEN' + Ly LsT; + Ly ToRy + T3Rp,

where Ty, ..
sizes.

., Tg are arbitrary matrices over C with appropriate

Lemma 2.2 (Baksalary & Kala, 1979). Let Aq, By, and C; be given.
Then the Sylvester matrix equation

AX —YB = (8)
n o] =ran+
r(By). In this case, the general solution to (8) can be expressed as

X = AlCy + UiBy + Ly, Us,

Y = —Ra, C1B} + AU; + UsRy,,

where Uy, Uy, and Us are arbitrary matrices over C with appropriate
sizes.

is consistent if and only if Ry, C1Lg, = O, i.e. 1 [

Lemma 2.3 (Marsaglia & Styan, 1974). let A € C™" B €
c™k, C e CP",D e C™PE € CT"",Q € C™*¥ and P € C*™
be given. Then

(1) r(A) +1(RaB) =1(B) +r(RsA) =r[A B].

) r(A) + 1(CLy) = 1(C) + r(ALc) =1 [/g] .

3. Some solvability conditions and the general solutions to
systems (4)-(6)

The purpose of this section is twofold. First, we give some
necessary and sufficient conditions for the consistence to systems
(4)-(6). Second, we give the expressions of the general solutions
to the above-mentioned systems of coupled generalized Sylvester
matrix equations.

Theorem 3.1. Let A;, B;, and C; (i = 1, 2, 3) be given. Set

Ay = Azly,, B4 = Rp, B, A = Ry, Az, B = Bslg,,
C=RyA, D=Bls, M=RC, N=DI,

S = Cly,

Cy = Gy — AyALCs — Ry, C1BIBy,  E = Ry, Cals,.

Then the following statements are equivalent:

(1) The system of coupled generalized Sylvester matrix equations
(4) is consistent.

(2)

RAiCiLB,' = 0, (k = 1, 3), RMRAE = 0,
ELgLy = 0, R4ELp = 0, RcELg = 0.
(3)
RyGly =0, (=1,2,3), RuR:E =0,
ElgLy = 0, RcELg = 0.
(4)
PG A @ B, (=1,2,3),
Bi 0
(A A2 G G
o o B 32] =r1[A1 A]+r[B1 By, (9)
B, O
B 0| [ B,
r G A _r[A3] +r[33:|, (10)
|G Az
_Cz G A A
C3 0 0 As _ A A B, B
"IB, B, 0 0 —r[o A3]+r[33 0]' (11)
B, 0 0 0
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