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a b s t r a c t

A distributed consensus protocol is developed for a class of homogeneous time-varying nonlinear multi-
agent systems in this paper. The agents dynamics are supposed to be in the strict feedback form and
satisfy Lipschitz conditionswith time-varying gains. It is firstly shown that the leader–follower consensus
problem is equivalent to a conventional stabilization control problem of augmented high-dimensional
multi-variable systems. By introducing an appropriate state transformation, the stabilization control
problem is then converted into a design problem of an appropriate time-varying parameter, which plays
a key role to cope with the time-varying nonlinear terms in the concerned systems. It is proved that the
exponential consensus of the multi-agent system can be achieved with the proposed consensus protocol.
A simulation example is given to illustrate the effectiveness of the proposed consensus protocol.

© 2014 Elsevier Ltd. All rights reserved.

1. Introduction

Multi-agent systems have received much attention in the past
couple of decades. This is mainly due to their potential wide appli-
cation in many industrial and military areas, (Hu, Su, & Lam, 2013;
Ren, Beard, & Atkins, 2007). In multi-agent systems, control proto-
cols are normally designed for each agent based on local informa-
tion obtained from its neighbors. The consensus problem is one of
the most important problems in the study of multi-agent systems.
It was investigated for single-integrator multi-agent systems in
Fan, Feng, Wang, and Song (2013), Munz, Papachristodoulou, and
Allgower (2011) and Ren et al. (2007), and for double-integrator
multi-agent systems in Abdessameud and Tayebi (2013) and Dong
and Huang (2013), respectively. The same problem was investi-
gated for high-order-integratormulti-agent systems in He and Cao
(2011) andYu, Chen, Ren, Kurths, and Zheng (2011), and for general
linear multi-agent systems in Seo, Shim, and Back (2009), Trentel-
man, Takaba, and Monshizadeh (2013) and Zhu, Jiang, and Feng

✩ The material in this paper was not presented at any conference. This paper
was recommended for publication in revised form by Associate Editor Riccardo
Scattolini under the direction of Editor Frank Allgöwer.

E-mail addresses: zhangxianfu@sdu.edu.cn (X. Zhang), luliu45@cityu.edu.hk
(L. Liu), megfeng@cityu.edu.hk (G. Feng).
1 Tel.: +86 531 88395047; fax: +86 531 88395047.

(2014), respectively. The problem of leader selection in noisy net-
workswas studied in Clark, Bushnell, and Poovendran (2014), Fitch
and Leonard (2013), Hu and Feng (2010) and Lin, Fardad, and Jo-
vanovic (2011).

It should be pointed out that almost all physical systems are
nonlinear in nature. Recently some interesting research results
have been obtained for nonlinear multi-agent systems. The con-
sensus problem was studied for second-order nonlinear multi-
agent systems in Hu et al. (2013), and for high-order nonlinear
multi-agent systems in Li, Ren, Liu, and Fu (2011) and Wen, Duan,
Yu, and Chen (2013), respectively. It should also be noted that
strict feedback nonlinear systems, with high-order-integrator sys-
tems as their special case, represent many physical systems, see
Krstic, Kokotovic, and Kanellakopoulos (1995). For this class of
nonlinear multi-agent systems, the tracking problem was consid-
ered in Yoo (2013), while the consensus problem was considered
inWang and Ji (2012). All nonlinear dynamics in Hu et al. (2013), Li
et al. (2011),Wang and Ji (2012) andWen et al. (2013) are assumed
to satisfy Lipschitz conditions with constant gains.

It can be observed from the aforementioned works that multi-
agent systems are assumed to be time-invariant. However, many
practical engineering systems are indeed time-varying. Stability
analysis and stabilization of time-varying systems have been al-
ways an important topic in the area of systems and control, see
for example, Alessandri and Rossi (2013), Du, Qian, Yang, and Li
(2013), Ngoc (2014), and Yang and Huang (2012). With the same
argument, many multi-agent systems would have time-varying
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dynamics. Unfortunately, there is little study on time-varying
multi-agent systems. In fact, to our best knowledge, the consen-
sus problem has not been investigated for time-varying nonlinear
multi-agent systems in the strict feedback form, which motivates
this study.

In this paper,wewill study the leader–follower consensus prob-
lem of time-varying nonlinear multi-agent systems based on the
so-called dynamic gain control approach, with which the control
design problem can be converted into the design problem of some
dynamic parameters, Zhang, Baron, Liu, and Boukas (2011) Zhang,
Feng, and Sun (2012), and Zhang, Liu, Baron, and Boukas (2011). It
will be shown that the exponential consensus of the time-varying
nonlinear multi-agent system can be achieved with the proposed
consensus protocol. The rest of the paper is organized as follows.
Section 2 is devoted to introduction of preliminaries and problem
formulation. Section 3 presents the design and analysis of the con-
sensus protocol. A numerical example is given in Section 4 to illus-
trate the effectiveness of the proposed protocol which is followed
by some conclusions in Section 5.

2. Preliminaries and problem formulation

In this section, we present some preliminaries and the problem
formulation.

Denote by R the field of real numbers and Rm×n the set ofm×n
real matrices. Let ∥·∥ denote the Euclidean norm for vectors, or the
induced Euclidean norm for matrices. Im is used to represent an
identity matrix of m dimension. A1 ⊗ A2 denotes the Kronecker
product of matrices A1 and A2. For a symmetric matrix Q , λmax (Q )
and λmin (Q ) denote the largest and the smallest eigenvalue of
Q , respectively. The argument of functions will be omitted or
simplified whenever no confusion can arise from the context. For
example, we may denote xi(t) by xi.

2.1. Graph theory

Some basic concepts and results from algebraic graph theory
are introduced here. Suppose that a team consists of N agents.
We use a weighted undirected graph G = (V, E, A) to model the
interaction among these agents, where V = {1, 2, . . . ,N} is the
node set, E ⊆ V × V is the edge set, and A =


aij


∈ RN×N is the
weighted adjacencymatrix. Two agents are called adjacent, if there
exists an edge between them. A graph is simple if there is no self-
loops or repeated edges. An edge (i, j) inGdenotes that agents i and
j can obtain information from each other. The weighted adjacency
matrix A associated with G is defined such that aij > 0 if (j, i) ∈ E ,
and aij = 0 otherwise. Note that here aij = aji, ∀i ≠ j, since (j, i) ∈

E implies (i, j) ∈ E . A path on G between i1 and il is a sequence of
edges of the form (ik, ik+1) , k = 1, 2, . . . , l−1. If there exists a path
between any two agents of G, then G is said to be connected. The
degree matrix of G is a diagonal matrix D = diag (d1, d2, . . . , dN),
where di =

N
j=1 aij for i = 1, 2, . . . ,N . The Laplacian matrix of G

is defined as L = D − A, which is symmetric. A subgraph H of
G is an induced subgraph if two agents of H are adjacent in H if
and only if they are adjacent in G. An induced subgraph H of G is
called a component ofG if it is maximal, subjected to be connected,
see Wang and Ji (2012).

Consider a graph G associated with the system consisting of N
agents and a leader. Regarding the N agents as the agents in V,
the relationships between agents can be described by a simple and
undirected graph G. Ḡ contains G and a leader with edges between
someagents and leader. The agents that are connected to the leader
can receive the information from the leader agent. It is assumed
that all the followers know the input of the leader agent, as inWang
and Ji (2012), or the input of the leader agent is zero, as in Dong and
Huang (2013), Li et al. (2011) and Su and Huang (2012), and the

leader agent receives no information from any follower agent. The
connectionweightmatrix is denoted byB = diag (b1, b2, . . . , bN),
and bi ≥ 0. bi > 0 if and only if agent i is connected to the leader. Ḡ
is connected if at least one agent in each component is connected
with the leader.

2.2. Problem formulation

Note that many consensus synthesis approaches are based on
state information of the neighbors of each agent which is assumed
to be available. However, in practical applications, not all state in-
formation is easily available. Instead only some of state informa-
tion in terms of outputs is available. Therefore we will study the
consensus problem based on measurable outputs.

Consider the following multi-agent system described by
ẋk,i = xk,i+1 + fi


t, x̄k,i


, i = 1, 2, . . . , n − 1

ẋk,n = uk + fn

t, x̄k,n


,

yk = xk,1, k = 0, 1, . . . ,N
(1)

where x̄k,i =

xk,1, xk,2, . . . , xk,i


, xk = x̄Tk,n, uk ∈ R and yk ∈ R

are the state, input and output of agent k, respectively. In our
formulation, the agent indexed by 0 is referred as the leader and
agents indexed by 1, 2, . . . ,N , are called the followers.We assume
that the functions fi (·) , i = 1, 2, . . . , n, in system (1), satisfy the
following Lipschitz condition.

Assumption 1. For i = 1, 2, . . . , n, and any

t, x̄k,i


,

t, x̄l,i


∈ R+

× R i, the following inequality hold:

fi t, x̄k,i− fi

t, x̄l,i

 ≤ η(t)
i

j=1

xk,j − xl,j
 (2)

where η(t) = c1ec2t , with c1 and c2 being known nonnegative
constants.

Remark 1. As shown in Mazenc, Praly, and Dayawansa (1994),
for some systems with growth nonlinearities with respect to
unmeasured state components, the problem of global output feed-
back stabilization may not be solvable. So some growth condi-
tions are necessary in dealing with nonlinearities depending on
unmeasured states. The nonlinear terms involved in many exist-
ing works (see Praly and Jiang (2004) and the references therein),
admit an incremental rate depending only on the measured out-
put, not depending on time t . System (1) satisfying Assumption 1
is indeed an intrinsic time-varying system, in the sense that η(t)
can be any known exponential function defined on [0, +∞). Many
time-varying functions, such as, bounded functions including
decreasing functions, polynomial functions, and logarithmic func-
tions with respect to time t , can be bounded by appropriate expo-
nential functions c1ec2t with c1 and c2 being known constants, and
hence system (1) satisfying Assumption 1 includes many types of
time-varying systems. It is noted that no research result was re-
ported on the exponential stabilization problem of time-varying
system (1) even with only one agent. The considered model is also
more general than themost existingmodels, and in fact, it includes
the following special cases.

(i) The systems considered in Wang and Ji (2012) satisfies (2)
with c2 = 0.

(ii) The systems considered in Su and Huang (2012) and Yoo
(2013) are time-invariant systems described by (1) with fi (·) =

fi

x̄l,i

.

In this work, by choosing an appropriate time-varying parame-
ter L (t), we will design an output feedback consensus protocol for
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