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1. Introduction

The disturbance observer (DOB) based controller has been
widely used among control engineers since it has a powerful abil-
ity of uncertainty compensation and disturbance attenuation. (See,
e.g., Kempf & Kobayashi, 1999, Kobayashi, Katsura, & Ohnishi, 2007,
Lee & Tomizuka, 1996, Wang & Tomizuka, 2004 and Yi, Chang, &
Shen, 2009 and references therein.) The standard DOB control sys-
tem is illustrated in Fig. 1. In the figure, P(s) and P,(s) represent
the transfer functions of the uncertain plant and its nominal model,
and signals d and r represent the input disturbance and the refer-
ence, respectively. It is assumed that P(s) € &# where & is a known
set of uncertain plants. The controller C(s) is designed for the nom-
inal model P, (s). The Q -filter Q (s) is a stable low-pass filter, which
usually has the form (Choi, Yang, Chung, Kim, & Suh, 2003; Lee &
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Tomizuka, 1996; Shim & Jo, 2009) of

Q(S) _ bk(fs)k + bk_](fs)k7] + o+ bO
T @)+ a @)+ -+ ar(TS) + ag

where T > 0 is the filter time constant, k and [ are nonnegative
integers with b, # 0. We assume ay = bg and | — k > r.deg(P,),
where r.deg(P,) stands for relative degree of P,,.

The output y is represented as y(s) = Ty ()r(s) + Tyq(s)d(s)
where Ty, is the transfer function from r to y and so on. For
sufficiently small = > 0, it can be shown that T, (jw) ~ P,C/(1 +
P,C)(jw) and Tyq(jw) ~ 0 on a finite frequency range, which im-
plies the recovery of the nominal closed-loop steady-state perfor-
mance. (See, e.g., Shim & Jo, 2009 and Shim & Joo, 2007 for more
details.) This property holds only when all the transfer functions
are stable. Therefore, the question of interest is the robust stability
of the closed-loop system in Fig. 1 under the variation of P(s) € £,
which depends on the selection of Q (s) and P, (s). This question has
been studied under the perspective of small-gain theorem in Choi
et al. (2003), Kim and Chung (2003), Kong and Tomizuka (2013)
and Schrijver and van Dijk (2002), where only a sufficient stabil-
ity condition is presented that is conservative in nature. On the
other hand, some necessary and sufficient condition for robust sta-
bility is presented in Shim and Jo (2009) and Shim and Joo (2007)
under the assumption that the time constant of the Q-filter is
sufficiently small, which has played a key role in extending to non-
linear systems (Back & Shim, 2008) and embedding an internal
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Fig. 1. Structure of the DOB control system. The shaded region represents the real
plant P(s) augmented with the DOB.

model into the DOB structure (Park, Joo, Shim, & Back, 2012). How-
ever, the study of Back and Shim (2008), Park et al. (2012), Shim
and Jo (2009) and Shim and Joo (2007) assumes that the relative
degree of plant is the same as that of nominal model.

In this paper,> we study the robust stability of the DOB-based
control system (Fig. 1) when the relative degree of plant is not
exactly known and so it happens to be different from that of nom-
inal model. This case often occurs in real world control appli-
cations. For instance, r.deg(P) > r.deg(P,) when the actuator
dynamics is ignored, or when there is unmodeled dynamics for
the plant. Inspired by the fact that the characteristic equation for
stability is of the form that appears in the ‘higher-order root locus
technique’ (Hahn, 1981), a condition for robust stability is derived
by utilizing the Newton diagram. The derived condition reveals a
few facts such as: (1) if r.deg(P) = r.deg(P,) + 1, robust stabil-
ity can be achieved by an appropriate design of P,, as well as Q.
(2)If 1 < r.deg(P) < 2, then robust stability is always achiev-
able. (3) If r.deg(P) > r.deg(P,) + 2 or r.deg(P,) > r.deg(P) > 2,
then robust stabilization is not possible with sufficiently small t no
matter how P, C, and Q are selected. A universal design of DOB is
also discussed for the special case where r.deg(P) is unknown but
1 <r.deg(P) < 4.

Notation. Let D(s) be a polynomial with real coefficients ex-
pressed as D(s) = d,;s" 4+d,_;s"" '+ - - +d;s+do. The polynomial
D(s) is said to be of degree n if d, # 0, which will be denoted by
deg(D) = n.For atransfer function G(s) = N(s)/D(s) (itisassumed
that N(s) and D(s) are coprime polynomials), the degree and the
relative degree of G(s) are defined as deg(D) and deg(D) — deg(N),
respectively, and the latter will be denoted by r.deg(G). The high-
frequency gain of G(s) is defined as lim;_, o s"9© G(s) and de-
noted by « (G). Finally, LHP (RHP, respectively) stands for the open
left (right, respectively) half plane.

2. Robust stability

We assume that P(s) and P,(s) are strictly proper while C(s)
is proper. Let P, P,, C, and Q in Fig. 1 be represented by the ra-
tios of coprime polynomials, that is, P(s) = N(s)/D(s), P.(s) =
Nn(5)/Dn(8), C(s) = Nc(s)/Dc(s),and Q(s) = Nq(s; T)/Dq(s; 7) (in
which, the dependence of Ny and Dq on 7 is explicitly indicated).
Moreover, we assume that there is no unstable pole-zero cancella-
tion in P,(s)C(s) and in P;1(s)Q (s). Then, it can be shown that, for
given t > 0, the closed-loop system is internally stable if and only
if the characteristic polynomial

8(s; ) := (DD, + NN,)N,Dq + NoDo(ND, — N,,D)
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is Hurwitz. Define
Po (S) = N(Nan + Dch)
pﬁ(s) = Nn(NcN + DcD)

and let m,, := deg(ND.D,), mg := deg(N,D.D), and «;, B; be such
that

(2)

Pa(8) = o, S™ + e, 1™+ -+
Pp(S) = Brys™ + Brg—18™ " + -+ + Bo.

It should be kept in mind that mg — m, = r.deg(P) — r.deg(P,),
and that ﬁmﬂ /0m, = k(Py)/k(P). Let k (<k) be such that qy =
bo,...,a; = by, and ag; # bg,, in Q(s). Then, it follows that
(with a; = 1 for convenience)

8(s: 1) = pp(s)Dq(s; T) + (Pu(s) — Pp(s))Ng(s; T)

1 k
=pp(s) Y ai(t) + (pu(s) — pp(s)) Y _ bi(rs)!

i=0 i=0

k k
=Y @) ap.(s) + Y (t5)'(app(s)
i=0

i=k+1

!
+bi(pa(s) — pp(s)) + Y (5)'aips(s). (3)
i=k+1
Note that deg(d(s; t)) = I + mpg if T > 0, and the locations of
I + mg roots, when t is sufficiently small, are of interest. Since
8(s; 0) = agpy(s) and deg(S(s; 0)) = my, it is clear that m, roots
out of I+-mg roots of §(s; ) converge to the roots of p,(s) ast — 0,
while the remaining [ 4+ mg — m, roots tend to infinity (see Shim
& Jo, 2009 for more rigorous arguments).
Here we recall the result of Shim and Jo (2009), with the set &
being a collection of transfer functions whose coefficients belong
to certain (known) bounded intervals.

Proposition 1 (Shim & Jo, 2009). Suppose that r.deg(P) = r.deg
(P,) for all P(s) € &P. Then, there exists a constant t* > 0 such that,
forall0 < t < t*, the closed-loop system is robustly stable if all the
following conditions hold:

(H1) all P(s) € & are of minimum phase,
(H2) the transfer function P,C/(1 + P,C) is stable,
(H3) the polynomial
(s) ==Dq(s; 1) + | li P& 1) No(s; 1)
s) = s; im — s;
= e S TON A

is Hurwitz for all P(s) € P.

On the contrary, for given P € P, there is t* > 0 such that, for all
0 < © < t* the closed-loop system is unstable if P,C/(1 4+ P,C)
has some poles in the RHP, or some zeros of P(s) or some roots of
ps(s) = 0 are located in the RHP.

Remark 2. It is observed that the conditions (H1) and (H2) are
equivalent to p,(s) being Hurwitz (see (2)), so that m, roots of
8(s; T) have negative real parts for sufficiently small r. On the other
hand, the condition (H3) constrains the other I+mg—m, = [(since
mg = m, if r.deg(P) = r.deg(P,)) roots to remain in the LHP.

Note that Proposition 1 is not conclusive when any one of
conditions is marginal (e.g., if some roots of ps(s) are located on
the imaginary axis), by which the condition is ‘almost’ necessary
and sufficient. It is inconclusive particularly when r.deg(P) >
r.deg(P,) because lim,_, o, P(s)/P,(s) = 0 so that ps(s) has at least
one root at the origin of complex plane (recall that ag = bg). The
polynomial ps(s) is not even defined when r.deg(P) < r.deg(P,).
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