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a b s t r a c t

The linear canonical transform (LCT) has been shown to be a powerful tool for signal
processing and optics. Several extrapolation strategies for bandlimited signals in LCT
domain have been proposed. The purpose of this paper is to present an approach that
unifies a number of different algorithms for the extrapolation of bandlimited signals in
LCT domain. This unification is achieved through integral equation and Hilbert space
theories. First, the following existing techniques are unified: (1) a continuous signal
extrapolation algorithm based on series expansion in terms of generalized prolate
spheroidal functions; (2) a generalized Papoulis–Gerchberg iterative algorithm; (3) a
two-step extrapolation algorithm for continuous signal from finite samples; and (4) an
iterative extrapolation algorithm based on error energy reduction procedure for contin-
uous signal from finite samples. Then, two extrapolation algorithms for discrete bandlim-
ited signals in LCT domain are proposed, which also belongs to the unified framework.

& 2014 Elsevier B.V. All rights reserved.

1. Introduction

The linear canonical transform (LCT) [1,2], which is also
known as the ABCD transform [3], the affine Fourier trans-
form [4] and the generalized Fresnel transform [5], is a four-
parameter class of linear integral transforms. It includes the
conventional Fourier transform, the fractional Fourier
transform, the Fresnel transform, simple scaling and chirp
multiplication operations as special cases [6]. Free space
propagation in the Fresnel approximation, transmission
through thin lenses, propagation through quadratic graded-
index media, and their arbitrary combinations fall into the

first-order optical systems or quadratic-phase systems,
which are mathematically equivalent to the LCTs [6]. Because
of the extra degrees of freedom, LCT is more flexible and has
been proved to be one of the most powerful tools for signal
processing, optics, etc. [7–11].

Bandlimited signal extrapolation is a fundamental pro-
blem in signal processing and communication [12–17].
Associated with LCT, many extrapolation strategies for
bandlimited signals in LCT domain have been proposed.
These works go back to [18], where Sharma and Joshi
generalized the Fourier transform based Gerchberg–
Papoulis algorithm to the case of fractional bandlimited
signals by projecting the iterations alternately in the time
and fractional domains. Since then, several algorithms for
bandlimited signal extrapolation associated with LCT have
appeared, such as extrapolation algorithms for continuous
signals from continuous segments [19–21], extrapolation
algorithms for continuous signals from finite samples [22],
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and extrapolation algorithms for discrete bandlimited
signals in LCT domain [23].

Motivated by the unification of linear signal restoration
[24], the purpose of this paper is to describe a unified
framework for the extrapolation algorithms for bandlim-
ited signals in LCT domain. First, the following existing
extrapolation algorithms with different underlying models
are unified:

(a) An algorithm based on series expansion in terms of
generalized prolate spheroidal wave functions (GPSWFs),
which is used for continuous signal extrapolation from
continuous segment [19].

(b) A generalized Papoulis–Gerchberg iterative algorithm
for continuous signal extrapolation from continuous
segment [18,21].

(c) A two-step extrapolation algorithm for continuous
signal from finite samples [22].

(d) An iterative extrapolation algorithm based on error
energy reduction procedure for continuous signal from
finite samples [22].

Then, two extrapolation algorithms for discrete bandlim-
ited signals in LCT domain are proposed. It can be shown
that the proposed algorithms also belong to the unified
framework. Specially, all these algorithms are derived by
considering the solution of linear operations in Hilbert
spaces.

The outline of this paper is organized as follows. In the
next section, some preliminaries that will be used in this
paper are presented. In Section 3, the extrapolation pro-
blem of continuous bandlimited signal in LCT domain from
continuous segment is discussed. The extrapolation pro-
blem is posed as a Fredholm integral problem of the first
kind and then, the reviewed results given in Section 2 are
used to derive the algorithms (a) and (b) as byproducts.
In Section 4, the extrapolation problem of continuous
bandlimited signal in LCT domain from finite samples is
discussed. The extrapolation problem is shown to be
equivalent to solving optimization problems in Hilbert
spaces and then, the reviewed results given in Section 2
are used to derive the algorithms (c) and (d) as byproducts.
In Section 5, the extrapolation problem of discrete ban-
dlimited signal in LCT domain is discussed. And by the
reviewed results given in Section 2, two extrapolation
algorithms are proposed. Conclusions and discussions
appear in Section 6.

2. Preliminaries

2.1. The LCT

2.1.1. The LCT of continuous signal
The LCT with parameters fa; b; c; dg, or briefly (a, b, c, d)-

LCT of a finite energy continuous signal f is defined as [6]

F ða;b;c;dÞðuÞ ¼ ðLða;b;c;dÞf ÞðuÞ

¼
R1
�1 f ðtÞKða;b;c;dÞðt;uÞ dt; ba0

d1=2eicdu
2=2f ðduÞ; b¼ 0

(
ð1Þ

with

Kða;b;c;dÞ t;uð Þ ¼
ffiffiffiffiffiffiffiffiffiffi
1

i2πb

r
eððid=2bÞu

2Þe�ðði=bÞutÞeððia=2bÞt
2Þ: ð2Þ

a, b, c, d are real numbers satisfying ad�bc¼ 1. The
condition ad�bc¼ 1 yields that there are only three free-
doms a, b and d in the expression (2). The inverse of the
LCT with parameters fa; b; c;dg is given by a LCT with
parameters fd; �b; �c; ag, that is
f ðtÞ ¼ ðL�1

ða;b;c;dÞF ða;b;c;dÞÞðtÞ

¼
R1
�1 F ða;b;c;dÞðuÞKðd;�b;� c;aÞðu; tÞ du; ba0

a1=2e� icat2=2f ðatÞ; b¼ 0;

(
ð3Þ

where

Kðd;�b;� c;aÞðu; tÞ ¼Kða;b;c;dÞðt;uÞ ð4Þ
with superscript denoting complex conjugation. Note that
when b¼0, the LCT is essentially a chirp multiplication.
Therefore, from now on we shall confine our attention to
LCT for ba0. And without loss of generality, we assume
that b40 in the following sections.

It can be easily derived that the LCT of continuous
signal preserves the energy of the signal. That is, the
following Parseval's formula holds:

E¼
Z 1

�1
jf ðtÞj2 dt ¼

Z 1

�1
jFða;b;c;dÞðuÞj2 du; ð5Þ

where E is the energy of the signal f.
Let s be a positive number, if the (a, b, c, d)-LCT

F ða;b;c;dÞðuÞ of a continuous signal f vanishes for juj4s, we
say that f is s bandlimited in (a, b, c, d)-LCT domain; or
briefly, we say that f is (a, b, c, d)-bandlimited to s.

2.1.2. The LCT of discrete signal
For any finite energy discrete signal f ¼…;

f ½�1�; f ½0�; f ½1�;…, its (a, b, c, d)-LCT is defined as [25]

F ða;b;c;dÞðuÞ ¼ ∑
1

n ¼ �1
f ½n�Kða;b;c;dÞðn;uÞ: ð6Þ

And f can be represented by its (a, b, c, d)-LCT as

f ½n� ¼
Z πb

�πb
F ða;b;c;dÞðuÞKða;b;c;dÞðn;uÞ du: ð7Þ

Associated with the LCT of discrete signal, the following
Parseval's formula holds:

E¼ ∑
1

n ¼ �1
jf ½n�j2 ¼

Z πb

�πb
jF ða;b;c;dÞðuÞj2 du; ð8Þ

where E is the energy of the signal f.
Let srπb be a positive number. If the (a, b, c, d)-LCT

F ða;b;c;dÞðuÞ of a discrete signal f vanishes for juj4s, we say
that f is s bandlimited in (a, b, c, d)-LCT domain; or briefly,
we say that f is (a, b, c, d)-bandlimited to s.

2.2. Hilbert spaces and operator theory

Let H1 and H2 be two Hilbert spaces and A : H1-H2 a
linear operator. We say that A is bounded if there exists a
real number c, such that JAxJ2rcJxJ1 for all xAH1,
where J � Jk; k¼ 1;2 denotes the norm in Hk. If A is a
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