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a b s t r a c t

We study the circle forming problem in which a group of anonymous mobile agents are required to form
a formation when moving on a given circle. The agents are constrained to move in the one-dimensional
space of the circle only in the counterclockwise direction, but not the opposite way. Distributed, coop-
erative, sampled-data control strategies are designed that only take nonnegative values. We prove that
the multi-agent system under such constrained control input can be guided to reach the prescribed circle
formation asymptotically with the additional guarantee that no collision between agents ever takes place.
The theoretical analysis is further validated through simulations.

© 2014 Elsevier Ltd. All rights reserved.

1. Introduction

When using a team of autonomous mobile robots to carry out
environmentalmonitoring or exploration tasks, it is sometimes ad-
vantageous to keep the robots moving in a formation with cer-
tain geometric shapes in order to improve the quality of the data
collected collectively or the robustness of group motion against
random environmental disturbances (Dhariwal, Sukhatme, & Re-
quicha, 2004; Leonard et al., 2007; Roy & Dudek, 2001). The chal-
lenge for such pattern-forming problems for robotic teams lies in
the fact that the robots usually cannot rely on centralized coordi-
nation and have to use local information to implement their dis-
tributed control strategies. Forming circle formations becomes a
benchmark problem, since on one hand circle formations are one
of the simplest classes of formations with geometric shapes and
on the other they are natural choices of the geometric shapes for a
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robotic team to exploit an area of interest (Krick, Broucke, & Fran-
cis, 2009; Leonard et al., 2010; Suzuki & Yamashita, 1999).

The algorithmic study on the problem of forming circle forma-
tions is rooted in the study on multi-agent systems in theoreti-
cal computer science. The semi-synchronous model, developed in
Suzuki and Yamashita (1999) and later on generalized in Chatzi-
giannakis, Markou, and Nikoletseas (2004); Défago and Konagaya
(2002); Défago and Souissi (2008), has been successful in gain-
ing insight into the key characteristics of the autonomous agents
that make the circle forming problem challenging. Such charac-
teristics restrict the agents’ recognition, sensing and communi-
cation capabilities and the relaxation of any of them will make
the problem formulation less appealing. To be more specific, the
agents are assumed to be oblivious (without memories about past
actions and observations), anonymous (not distinguishable from
one another), unable to communicate directly, and can only in-
teract through sensing other agents’ positions. Using the semi-
synchronous model, Défago and Konagaya (2002) have proposed
algorithms to decompose the circle formation problem into two
subproblems and solve them separately. The first is to form a cir-
cle in finite time, and the second is to guide the robots to the con-
figuration where all of them are positioned evenly on the circle.
Such algorithms are simplified in Chatzigiannakis et al. (2004) and
unified in Défago and Souissi (2008). The assumptions in Défago
and Konagaya (2002) are also used in Chatzigiannakis et al. (2004)
and Défago and Souissi (2008).

People have worked on designing distributed control laws for
teams of anonymous mobile agents to realize circle formations
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where agents are evenly distributed on a circle (Bullo, Cortes, &
Martinez, 2009; Marshall, Broucke, & Francis, 2004). Only a few
works (Wang, Xie, & Cao, 2013) have considered the problem of
forming arbitrary formations on a circle. There is even fewer work
(Elor & Bruckstein, 2011; Flocchini, Prencipe, & Santoro, 2008) has
considered locomotion constraints for the implementation of such
control laws, while such constraints sometimes are critical char-
acterizations of mobile agents. In particular, in this paper besides
the agents’ characteristics considered in the semi-synchronous
model, we further impose the locomotion constraint that the
mobile agents can only move forward but not backward. This
characterization is motivated by several types of mobile robots.
The well-known Dubin’s vehicles can only move forward follow-
ing trajectories with bounded curvatures (Dubins, 1957); some
biomimetic robots aremechanically prohibited tomove backward,
such as robotic fish (Wang, Xie, Wang, & Cao, 2011) and salaman-
der (Ijspeert, Crespi, Ryczko, & Cabelguen, 2007).

The goal of this paper is to design distributed control laws
that can guide a group of autonomous mobile agents to form any
given circle formations by moving unidirectionally on the pre-
scribed circle. We consider a system consisting of multiple mo-
bile agents modeled by point masses, all of which move in the
one-dimensional space of the given circle. The agents are oblivi-
ous, anonymous, and unable to communicate directly; they share
the common notion of being clockwise on the circle. Each agent
can only sense the relative angular positions of its neighboring two
agents that are immediately in front of or behind itself. The agents
can only move counterclockwise on the circle.

Considering the applications in real-robot systems, we propose
to use sampled-data control laws since continuous-time control
laws may be difficult to be implemented directly because of hard-
ware constraints, such as communication bandwidth, rise time,
and computational load (Chen & Francis, 1995). Although input-
constrained systems are in general difficult to analyze, we fol-
low a novel approach that translates the unidirectional locomotion
constraints into the time-varying neighbor relationships between
agents. Consequently, we are able to obtain the closed-loop system
dynamics in the form of time-varying, switched, linear, discrete-
time systems. The technical challenge is then how to prove con-
vergence for such systems. Using tools from matrix analysis, we
show that not only the agents achieve prescribed circle formations
asymptotically, but the spatial ordering of the agents is preserved
throughout the evolution as well. The main contribution of the pa-
per is then the methodology to deal with unidirectional locomo-
tion constraints for cooperative tasks of forming circle formations
for teams of anonymous mobile agents. Note that kinematic point
models for mobile agents have been popular in formation control
literatures. They are ideal for the scenarios when the scale of the
areas, where the agents are deployed, is significantly greater than
the physical dimensions of the agents.

We emphasize that a recent paper (Elor & Bruckstein, 2011) by
Elor and Bruckstein in theoretical computer science has presented
interesting impossibility results and discrete-time algorithms for
the uniform circle formation problem when the agents move only
in one direction on the vertices of a ring graph. A similar contin-
uous version of the problem has been discussed in an earlier pa-
per (Flocchini et al., 2008)when the agentsmove in the continuous
one-dimensional space of the circle. Such theoretical computer sci-
ence papers focus more on the algorithmic aspects of the solutions
to the circle formation problem, e.g. the existence and complex-
ity of an algorithm. As a result, there is usually no dynamic model
for the agents and the agents execute the designed algorithms in
an open-loop fashion in that they are assumed to always be able
to move to their waypoints after some finite time. In comparison,
we formulate dynamical system models for the multi-agent sys-
tems; more specifically, we have assumed that the agents’ dynam-
ics can be described by single-integrators andwe study closed-loop

Fig. 1. Agents distributed on a circle.

systems since sampled angular position information is used in the
proposed control laws. A critical assumption in Elor and Bruckstein
(2011) and Flocchini et al. (2008) is that each agent operates in the
look–compute–move–wait cycles and that in a cycle each agent
always moves to its calculated waypoint before waiting to start
a new cycle. Such an assumption is not needed in our paper. So
the methodologies, focuses and analysis of the work done in Elor
and Bruckstein (2011) and Flocchini et al. (2008) are quite different
from what we present in this paper. Moreover, since their works
mainly focus on the existence of an algorithm to solve the circle
formation problem under specific assumptions made by theoreti-
cal computer scientists, it is naturally important to see how to use
tools from sampled-data control theory to make the problem solv-
able with modifications in the assumptions.

The rest of the paper is organized as follows. In Section 2, we
formulate the circle formation problem. Then we propose a
sampled-data distributed control law in Section 3 and analyze its
performances in Section 4. Simulation results are given in Sec-
tion 5.

2. Problem formulation

We consider a group of N , N ≥ 2, agents that are initially posi-
tioned on a given circle. They share the common knowledge about
the direction of being clockwise on the circle and are constrained to
move only counterclockwise. Although the agents are anonymous
and they cannot distinguish one from another, for ease of expres-
sion,we label the agents counterclockwise by 1, 2, . . . ,N as shown
in Fig. 1. In a fixed coordinate system of choice, let xi(t) be the po-
sition of agent i, 1 ≤ i ≤ N , at time t measured by angles and
without loss of generality assume that the agents do not coincide
in the beginning and their initial positions satisfy

0 ≤ x1(0) < · · · < xi(0) < xi+1(0) · · · < xN(0) < 2π. (1)

Note that for the same angle traveled by an agent, different radii
of the given circle pose different requirement on the actuation ca-
pabilities of the agents. We consider the case when the agents’
neighbor relationships are described by a ring G = (V, E), where
V = {1, 2, . . . ,N} andE = {(1, 2), (2, 3), . . . , (N−1,N), (N, 1)};
in other words, each agent can only sense the relative positions
of the two agents that are immediately in front of or behind it-
self. Note that by using the information about the two immediate
neighbors, the oblivious agents do not need to track who its neigh-
bors are; in fact, as to beproved later in thepaper, under our control
laws, the neighbor relationships are guaranteed to be fixed, which
greatly simplifies the analysis. We denote the set of agent i’s two
neighbors by Ni = {i−, i+} where

i+ =


i + 1 when i = 1, 2, . . . ,N − 1
1 when i = N,
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