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a b s t r a c t

In this paper, we tackle the problem of designing an invariant observer for a chemostat model with
adjustable and robust convergence. The main idea of the paper is to build a new class of observers for
chemostat model using hidden symmetries. The effectiveness of the proposed observer is shown through
simulations.

© 2014 Elsevier Ltd. All rights reserved.

1. Introduction

In bioprocesses, direct measurement of some variables requires
expensive sensors which may not exist. To overcome these prob-
lems, one uses software sensors also called observers. Inmost cases
the technology used in industry to solve these challenges is based
on the Extended Kalman Filter (Bastin & Dochain, 1990).

Many types of observers for bioreactors have been proposed
and studied by Bastin and Dochain (1990), using the Extended
Kalman Filter and the Extended Luenberger observer. These ap-
proaches are well understood and only require linearization of
the model which results in local convergence. They also proposed
asymptotic observers (Bastin & Dochain, 1990) for relatively sim-
ple systems, extended by Chen (1992), to more complex ones. The
design of such observers is quite simple, and requires only par-
tial knowledge of the model. Unfortunately, the speed of conver-
gence is not adjustable, and the change of coordinates used in these
methods depends on the stoichiometric coefficients which makes
these observers not robust to the variation of parameters. Some
authors proposed high-gain observers (Gauthier, Hammouri, & Oth-
man, 1992) based on a nonlinear change of coordinates to put the
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system in a canonical observer form. For such observers a major
drawback is the sensitivity to the noise measurement. Other au-
thors proposed a new kind of observers called interval observers.
These are designed for systems with large uncertainties (Gouze,
Rapaport, & Hadj-Sadok, 2000). They consist of the association of
two observers, one to observe the lower bound and another to ob-
serve the upper bound of the states. Moreover, the system must
satisfy a rather strong property called cooperativity, and it is nec-
essary to know the bounds of the uncertainties in the model.

A new approach to synthesize nonlinear observer based on Lie
groups of symmetries was developed by Rouchon, Bonnabel, and
Martin (2008). This kind of observers, called invariant observers,
can be constructed in a canonical way and have a general gain
form. These observers were applied to Lagrangian systems, chemi-
cal exothermic reactors, inertial navigation and polymerization re-
actors (Aghannan, 2003; Aghannan & Rouchon, 2003; Bonnabel,
2007; Bonnabel, Martin, & Rouchon, 2006, 2008).

This paper is organized as follows: In Section 2 we recall all
the needed definitions about invariant systems and invariant ob-
servers. Section 3 is devoted to the design of an invariant observer
for the chemostat model. In Section 4 we state the main result of
this paper. Finally, in Section 5 we give some simulations to show
the effectiveness of the proposed method.

2. Invariant systems

The concept of invariance used in this paper is the invariance
under a group action. This concept has been already used by
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many authors especially by Bonnabel (2007), Rouchon (2009) and
Rouchon et al. (2008) in the context of Control Theory. For a more
general setting, one can see Olver’s books (Olver, 1993, 1995).

Consider the dynamical system (1)–(2), where u is the input
vector of the system, x the state vector and y the measured output:

ẋ = f (x, u) (1)
y = h(x, u) (2)

with x ∈ X ⊂ Rn, u ∈ U ⊂ Rm and y ∈ Y ⊂ Rp.
Let G be a Lie group of transformations, G acts on X by ϕg :

X → X ∀g ∈ G, ϕg is a diffeomorphism (at least C1) on X with
(ϕg)

−1
= ϕg−1 and ϕg1 ◦ ϕg2 = ϕg1.g2 . We consider also the action

of the same group G on U by (ψg)g∈G and on Y by (ρg)g∈G.

Definition 1. G is a symmetry group of (1) if, for every solution
(x(t), u(t)) of (1) and ∀g ∈ G,


ϕg(x(t)), ψg(u(t))


is also a so-

lution.

Consequently, the system (1) is said to be invariant under G iff:

f

ϕg(x), ψg(u)


= Dϕg (x)f (x, u), for all g, x and u

where Dϕg is the Jacobean matrix of ϕg(x).
The output y is said to be equi-variant iff:

h

ϕg(x), ψg(u)


= ρg(h(x, u)), for all g, x and u.

The dynamical system d
dt x̂ = F(x̂, u, ŷ) is a pre-observer of the

system (1)–(2) iff:

F (x, u, h(x, u)) = f (x, u), for all x and u

and is said to be invariant iff:

F

ϕg(x̂), ψg(u), ρg(ŷ)


= Dϕg (x̂)F(x̂, u, ŷ)

for all g, x̂, u and ŷ.

2.1. General form of the invariant pre-observers

To build such an observer, we need two important ingredients:
scalar invariant functions and invariant vectors fields.

A function J defined on a domain X , is said to be invariant iff:

J(ϕg(x)) = J(x) for all g and x.

A vector field w is said to be invariant with respect to the group
action ϕg on X ⊂ Rn iff:

w(ϕg(x)) = Dϕg (x)w(x) for all g and x.

It is not hard to prove that the dynamical system:

d
dt

x̂ = f (x̂)+


i

Ji(x̂, y)wi(x̂) (3)

is an invariant pre-observer for the system (1)–(2) (Rouchon et al.,
2008), if we choose Ji as a scalar invariant function satisfying
Ji

x̂, f (x̂, u)


= 0 and wi as invariant vectors fields. This formula

expresses the general form of an invariant pre-observer. If the in-
variant pre-observer (3) converges to the model (1), then (3) is
called an invariant observer. By convergence we mean

lim
t→+∞

dist(x̂(t), x(t)) = 0

where ‘‘dist’’ is a distance measure on the state space.

3. An Invariant observer for the chemostat model

The chemostat is a kind of bioreactor, which was introduced by
Novick and Szilard (1950) and used by Monod (1950).

Generally, this device is used for the growth of bacteria, phyto-
plankton, etc. It works in continuum mode, i.e, the volume of the
bioreactor is kept constant. It is a laboratory prototype of bioreac-
tors used in waste water treatment.

Thenonlinearmodel of the chemostat obtained bymass balance
is given by:

ṡ(t) = Dl(t) (sin − s(t))− kµ (s(t), K) x(t)
ẋ(t) = [µ (s(t), K)− Dl(t)] x(t)

(4)

where s ∈ R+ and x ∈ R+ represent the substrate concentration
and the biomass concentration respectively, Dl(t) > 0 is the di-
lution rate, 0 < Dl,min < Dl(t) < Dl,max, k is the growth yield,
sin is the input substrate concentration and µ (s, K) is the specific
growth rate per unit of biomass. In our paper the Monod specific
function is used for µ (s, K):

µ (s(t), K) = µmax
s(t)

s(t)+ K
where µmax is the maximum growth rate and K is the half satura-
tion constant.

In the sequel wewill consider s as themeasured variable: y = s.
The model is algebraically observable since from ẏ (Conte,

Moog, & Perdon, 2007), we can deduce the unmeasured state
variable x.

Concerning the positivity of the state variables, it was proved
in Smith and Waltman (1995) that if the initial conditions of the
system (4) are s(0) > 0 and x(0) > 0, then the trajectories lie
in the orthant R∗

+
× R∗

+
for all future times.

The most important contribution of this work is to bring out
symmetries which are not obvious since the system was obtained
by mass balance law. Our aim is to use these symmetries to build
an observer keeping the nonlinear structure of the original system
and improve the convergence rate. Consider G = (R∗

+
× R∗

+
, .),

G acts as ‘‘homothety’’ group with two parameters (λ1, λ2) acting
on (s, x)which represent the state variable.

Generally, it is not easy to show that a differential system
has symmetries. In our case, and relying on Aghannan’s ideas
(Aghannan, 2003), we choose some variables and let them play the
role of a virtual input in order to force the system to be invariant
under the ‘‘homothety’s’’ action.

Let v = (sin, k, K) be the virtual control used to display symme-
tries in the system. The only input of the system is sin. Since k and
K are constant parameters, we will keep them at constant values
as part of the virtual control.

The actions of G on X,U and Y are defined by:
ϕλ1,λ2(s, x) = (λ1s, λ2x)

ψλ1,λ2(sin, k, K) =


λ1sin,

λ1

λ2
k, λ1K


ρλ1,λ2(y) = λ1y.
Let f1(s, x, sin, k, K) and f2(s, x, sin, k, K) be the right hand parts of
(4). Let us verify that this system is invariant under G-action. We
have on one hand:

Let us consider f1 and f2 as two functions with five arguments,
as follows:

f1


λ1s, λ2x, λ1sin,

λ1

λ2
k, λ1K


= Dl(t)(λ1sin − λ1s)

−
λ1

λ2
kµ(λ1s, λ1K)λ2x

= λ1f1(s, x, sin, k, K)

f2


λ1s, λ2x, λ1sin,

λ1

λ2
k, λ1K


= [µ(λ1s, λ1K)− Dl(t)]λ2x

= λ2f2(s, x, sin, k, K)
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