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a b s t r a c t 

In the present paper, the interface fracture toughness between a Ti coating film and Al-alloy substrate is 

evaluated using a laser spallation method and a boundary element method. The fracture toughness can be 

estimated using inverse analyses by the boundary element method using a transfer function computed 

from the history of the displacement of the specimen. In the present study, an alternative boundary 

element program is developed for unsteady state vibration of an axi-symmetric solid body. The mode I 

interface fracture toughness between the Ti coating film and Al-alloy substrate is confirmed to be about 

0.66 MPam 

1/2 from the present investigation. 

© 2016 Civil-Comp Ltd. and Elsevier Ltd. All rights reserved. 

1. Introduction 

Many materials used in mechanical structures and equipment 

have various film coatings intended to improve their heat resis- 

tance, wear resistance, friction modulus, and corrosion resistance. 

For example, carbon-based coatings, such as diamond or DLC, 

which has high hardness, rigidity, and chemical stability, are used 

as a surface treatment for cutting tools. For glass-molding dies 

used to make aspherical lenses, DLC or Pt coatings are employed 

to improve the friction characteristics and the accuracy of the sur- 

face profile of the lens. 

Scratch testing and micro/nano indenting methods are generally 

used to evaluate the adhesion strength between coating films and 

substrates. However, there is not an established absolute evalua- 

tion technique for estimating the adhesion strength, and any test 

method has some difficulty in terms of a lack of versatility. Al- 

though the pin-pull-out test is also often used to estimate the ad- 

hesion strength of a coating film, the reliability of the calculated 

results is low because the stress concentration of the bonded part 

is neglected. 

In this work, we use a laser spallation method [1–5] to evalu- 

ate the adhesion strength between a coating film and substrate. In 
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this technique, the displacement history of a specimen on which 

a pulse laser is irradiated is measured. The interface stress history 

of the specimen is then computed by inverse analysis using the 

supplementary displacement data. 

The author’s group has previously suggested the use of an ad- 

vanced technique based on laser spallation to evaluate the adhe- 

sion strength of coating films [6] , and developed an axi-symmetric- 

type, boundary element method program to compute the stress 

history of the interface between a coating film and substrate. 

In the present study, the above technique was improved to eval- 

uate the interfacial fracture toughness between a Ti film coating 

and Al-alloy substrate. The validity of the numeric technique devel- 

oped in the present report was confirmed using numeric demon- 

strations. 

2. Theory 

2.1. Boundary integral Eequation 

Let us consider a three-dimensional infinite elastic body � and 

the boundary S . Displacement components u i and stress tensor σ ij 

satisfy the following equilibrium equation: 

σi j, j = ρü i , (1) 

where ρ is a density of the elastic body, and ‘, j ’ denotes partial 

differential for the coordinates x j , ‘ ̈’ is second derivative by time. 
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Fig. 1. Definition of coordinates for axi-symmetric analyses. 

The Laplace transform of the Eq. (1) is 

σ̄i j, j = ρs 2 ū i , (2) 

where s is a parameter of Laplace transform. ¯ denotes a Laplace 

transform of the quantity in the present study. 

Applying the basic function Ū i j (Laplace transform of the green 

function U ij ) to Eq. (2) and integrating it in the consideration do- 

main �, then applying Gauss divergence theorem and Betti recip- 

rocal theorem, we have the following boundary integral represen- 

tation: 

C i j ̄u j (P) = 

∫ 
S 

{ ̄U i j (P , Q) ̄t j (Q) − T̄ i j (P , Q) ̄u j (Q) } dS , (3) 

where T ij is a traction tensor for the green function U ij . C ij is a po- 

sition constant decided by boundary shape, and it is 1/2 δij on a 

smooth boundary ( δij : Kronecker delta). P denotes the unit source 

point of the green function, and Q is the integral point on the 

boundary �. By Solving Eq. (3) using suitable boundary conditions, 

the Laplace transforms of stress and displacement distribution in 

an elastic body can be obtained. The displacement and stress his- 

tories in the real-time domain of the solid body can be calculated 

by numerical Laplace inversion of the displacement and stress ob- 

tained in the Laplace conversion domain [7,8] . 

2.2. Boundary element analyses for axi-symmetric problems 

Let us consider the axi-symmetric domain as shown in Fig. 1 

and the formulation of boundary element analyses for the axi- 

symmetric body. In the case of axi-symmetric body, the symmetry 

plane conferred in the domain A in Fig. 1 should be dealt with in 

the numerical analyses. 

Here, the boundary integral equation to an axi-symmetry 

problem is derived using the fundamental solution to a three- 

dimensional elastic body. First, displacement u j = (u x , u y , u z ) 
T is 

converted to u ∗
k 

= (u r , u θ , u z ) T using transformation matrix, where 

u r is radial direction component and u θ azimuthal component. The 

relation between the displacement component u j for x - y - z coordi- 

nate system and u ∗
k 

for r - θ- z coordinate can be written as 

u 

∗
k (Q) = N k j (Q) u j (Q) , (4) 

where 

N k j (Q) = 

[ 

cos θ sin θ 0 

− sin θ cos θ 0 

0 0 1 

] 

. (5) 

In these equations, θ denotes the angle between the vector 
−−→ 

O 

′ Q 

and x axis as shown in Fig. 1 . 

Then, the traction tensor t j = (t x , t y , t z ) T can be transformed 

as 

t ∗k (Q) = N k j (Q) t j (Q) . (6) 

Using Eqs. (4) –(6) , we obtain the alternative expression of Eq. 

(3) for the r - θ- z coordinate as the following form: 

N mi (P) C i j (P) N 

−1 
jk 

(P) ̄u 

∗
k (P) = 

∫ 
S 

{ N mi (P) ̄U i j (P , Q) N 

−1 
jk 

(Q) ̄t ∗k (Q) 

− N mi (P) ̄T i j (P , Q) N 

−1 
jk 

(Q) ̄u 

∗
k (Q) } dS. (7) 

Furthermore, the above expression can be rewritten as 

C ∗mk (P) ̄u 

∗
k (P) = 

∫ 
S 

{ ̄U 

∗
mk (P , Q) ̄t ∗k (Q) − T̄ ∗mk (P , Q) ̄u 

∗
k (Q) } dS, (8) 

where 

C ∗mk (P) = N mi (P) C i j (P) N 

−1 
jk 

(P) , (9) 

Ū 

∗
mk (P , Q) = N mi (P) ̄U i j (P , Q) N 

−1 
jk 

(Q) , (10) 

T̄ ∗mk (P , Q) = N mi (P) ̄T i j (P , Q) N 

−1 
jk 

(Q) . (11) 

Taking boundary � around the domain of a axi-symmetric 

cross-section of the angle θ , Eq. (8) can be rewritten as the fol- 

lowing double integral form: 

C ∗mk (P) ̄u 

∗
k (P) = 

∫ 
�

∫ 2 π

0 

{ ̄U 

∗
mk (P , Q) ̄t ∗k (Q) 

−T̄ ∗mk (P , Q) ̄u 

∗
k (Q) } r(Q) d θd �. (12) 

If the displacement and traction defined on the boundary S satisfy 

axi-symmetric conditions, Eq. (8) can be treated only on the axi- 

symmetric cross-section A. In this case, because ū ∗
k 
, t̄ ∗

k 
does not 

depend on θ owing to the axi-symmetry, Eq. (12) can be expressed 

in the following form: 

C ∗mk (P) ̄u 

∗
k (P) = 

∫ 
�
{ ̂  Ū 

∗
mk (P , Q) ̄t ∗k (Q) − ˆ T̄ ∗mk (P , Q) ̄u 

∗
k (Q) } d�, (13) 

where, 

ˆ Ū 

∗
mk (P , Q) = 

∫ 2 π

0 

Ū 

∗
mk (P , Q) r(Q) dθ, (14) 

ˆ T̄ ∗mk (P , Q) = 

∫ 2 π

0 

T̄ ∗mk (P , Q) r(Q) dθ . (15) 

The detail forms of Green function Ū i j and T̄ i j can be given as 

the following equations: 

Ū i j ( P , Q ) = 

1 

4 πm 

(ψδi j − χ r ,i r , j ) , (16) 

T̄ i j ( P , Q ) = 

1 

4 π

[{ (
c 2 − 2 

)(
∂ψ 

∂r 
− ∂χ

∂r 
− 2 

χ

r 

)
− 2 

(
χ

r 

)} 

r ,i n j 

+ 

(
∂ψ 

∂r 
− χ

r 

)(
∂r 

∂n 

δi j + n i r , j 

)
−2 

(
∂χ

∂r 
−2 

χ

r 

)
∂r 

∂n 

r ,i r , j 

]
, 

(17) 

ψ = 

(
1 + 

1 

α2 r 
+ 

1 

α2 
2 

r 2 

)
exp (−α2 r) 

r 

− 1 

c 2 

(
1 

α1 r 
+ 

1 

α2 
1 

r 2 

)
exp (−α1 r) 

r 
, (18) 

χ = 

(
1 + 

3 

α2 r 
+ 

3 

α2 
2 

r 2 

)
exp (−α2 r) 

r 

− 1 

c 2 

(
1 + 

3 

α1 r 
+ 

3 

α2 
1 

r 2 

)
exp (−α1 r) 

r 
, (19) 
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