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a  b  s  t  r  a  c  t

Relatively  recent  research  has  illustrated  the  potential  that  tobit  regression  has  in  studying  factors  that
affect  vehicle  accident  rates  (accidents  per  distance  traveled)  on  specific  roadway  segments.  Tobit  regres-
sion has  been  used  because  accident  rates  on  specific  roadway  segments  are  continuous  data  that  are
left-censored  at  zero  (they  are  censored  because  accidents  may  not  be observed  on  all  roadway  segments
during  the  period  over  which  data  are collected).  This  censoring  may  arise  from  a  number  of  sources,  one
of which  being  the  possibility  that  less  severe  crashes  may  be under-reported  and  thus  may  be  less  likely
to  appear  in  crash  databases.  Traditional  tobit-regression  analyses  have  dealt  with  the  overall  accident
rate  (all  crashes  regardless  of injury  severity),  so  the issue  of  censoring  by  the  severity  of  crashes  has  not
been addressed.  However,  a tobit-regression  approach  that  considers  accident  rates  by injury-severity
level,  such  as the  rate  of  no-injury,  possible  injury  and  injury  accidents  per distance  traveled  (as  opposed
to all  accidents  regardless  of injury-severity),  can  potentially  provide  new  insights,  and  address  the  possi-
bility  that  censoring  may  vary  by  crash-injury  severity.  Using  five-year  data  from  highways  in Washington
State,  this  paper  estimates  a multivariate  tobit  model  of accident-injury-severity  rates  that  addresses  the
possibility  of  differential  censoring  across  injury-severity  levels,  while  also  accounting  for  the  possible
contemporaneous  error  correlation  resulting  from  commonly  shared  unobserved  characteristics  across
roadway  segments.  The  empirical  results  show  that  the  multivariate  tobit  model  outperforms  its  uni-
variate  counterpart,  is  practically  equivalent  to the  multivariate  negative  binomial  model,  and  has  the
potential  to  provide  a fuller  understanding  of  the factors  determining  accident-injury-severity  rates  on
specific  roadway  segments.

Published by Elsevier Ltd.

1. Introduction

The preponderance of past research has studied the occur-
rence of accidents by considering their frequency and applying
count-data modeling techniques to study factors that affect the
frequency of accidents over some time period on specific road-
way segments. This body of literature has applied a wide variety
of modeling approaches such as Poisson and negative binomial
models, Poisson-lognormal models, zero-inflated count models,
Conway–Maxwell–Poisson models, negative multinomial models,
Gamma  models, generalized estimating equation models, general-
ized additive models, random effects and random parameters count
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models, and finite mixture and Markov switching models (for a
complete review of this literature see Lord and Mannering, 2010).

While traditional accident-frequency approaches have unde-
niably improved our understanding of factors affecting accident
occurrence, some recent research has suggested the tobit regres-
sion as an alternative (Anastasopoulos et al., 2008, 2012). The
tobit-regression approach considers accident rates (such as the
number of accidents per vehicle-miles traveled) on roadway seg-
ments as opposed to accident frequencies. This results in data that
are continuous (instead of the discrete count data in the traditional
frequency approaches) and in data that are left-censored at zero
because accidents may  not be reported on some roadway segments
during the time period over which data are collected. This censoring
may  occur for a number of reasons ranging from the simple possi-
bility that no accidents occurred on the roadway segment over the
study period, to the possibility that accidents not involving injury
may  not be reported if their property damage does not exceed a
specified threshold (this threshold is open to the interpretation of
the officer at the accident scene and thresholds may  vary from one
jurisdiction to the next).
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In the traditional tobit framework, which models overall acci-
dent rates irrespective of their injury severity, the equivalent effect
of these censoring sources is assumed to be the same across all
accident-injury-severity levels – which can be problematic if no-
injury accidents, for example, are less likely to be reported. A
solution to this would be to model the accident rates by injury-
severity level. However, if accident rates by injury-severity level
are modeled independently, significant estimation error could be
introduced because unobserved effects at the roadway-segment
level are likely to be shared across severities. This general problem
of shared unobserved effects4 has been previously encountered in
traditional accident-frequency modeling where, instead of mod-
eling the total number of accidents, separate count-data models
are estimated for each accident-injury type. This has led to the
application of bivariate models, where two accident types are
considered (Subrahmaniam and Subrahmaniam, 1973; Maher and
Summersgill, 1996; N’Guessan et al., 2006; Geedipally and Lord,
2010; N’Guessan, 2010), and multivariate models, where three or
more accident types are considered (Winkelmann, 2008; Bijleveld,
2005; Ma  and Kockelman, 2006; Song et al., 2006; Park and Lord,
2007; Ma  et al., 2008; El-Basyouny and Sayed, 2009; Park et al.,
2010). The intent of this paper is to address both issues – censor-
ing masking, and contemporaneous error correlation of the latent
variables due to commonly shared unobserved characteristics –
simultaneously, by demonstrating the multivariate tobit model
as an approach of dealing with correlation among injury-severity
models when the data are continuous and censored (accident rates
on roadway segments) as opposed to the more traditional count-
frequency data.

2. Methodology

Tobit regression (Tobin, 1958) is used with left-censored (cen-
sored at a low threshold) or right-censored (censored at a high
threshold) dependent variables. For the accident rate of specific
injury-severity levels (defined by the degree of injury of the most
severely injured occupant in the accident), the data can be left-
censored with a clustering at zero (zero accidents of a specified
injury-severity per 100-million vehicle miles traveled) because, as
discussed earlier, accidents of a specific injury severity may  not be
observed simply because none have occurred or due to the non-
availability of data (accidents that do not involve injury, typically
are only reported if the property value damage exceeds a pre-
specified value threshold). In tobit regression, the equivalent effect
is assumed to be the same, clustered-at-zero observations.

To address the possibility of multiple tobit regressions by injury-
severity level (no-injury crashes per 100-million vehicle miles
traveled, possible-injury per 100-million vehicle miles traveled,
and injury crashes per 100-million vehicle miles traveled), past
research that has dealt with estimation techniques to model mul-
tiple tobit equations with contemporaneous (cross-equation) error
correlation (Huang et al., 1987; Huang, 1999; Trivedi and Zimmer,
2005) can be used to develop a multivariate tobit model for accident
rates on specific roadway segments5 considering accidents whose

4 Such unobserved effects may  be capturing driver-specific information (age, gen-
der,  marital status, socioeconomic status, risk taking, driving experience, driving
behavior, driving adjustment in situational responses, etc.), or information on vehi-
cle characteristics, such as vehicle type, safety features (airbags, anti-lock brakes,
etc.), and horsepower (see Janssen, 1994; Dee, 1998; Winston et al., 2006). Such
information is typically available only after an accident has occurred and thus cannot
be  used to predict accident rates.

5 Note that modeling accident rates using tobit regression is an appropriate solu-
tion, in order to avoid biased and inconsistent parameter estimates that would
otherwise be the result of the ordinary least squares (OLS) estimation which does
not account for the censoring in the data. The same limitations exist when modeling

most severely injured vehicle occupant was either not injured,
possibly injured, or injured.6 Using a left-censored limit of zero,
the multivariate tobit model with three dependent variables is
expressed as:
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where N is the number of observations, Yik is the dependent vari-
able for the kth accident-injury-severity rate (1–3 for no-injury,
possible injury, and injury accidents per 100-million vehicle miles
traveled in roadway segment i, respectively) for the ith segment,
X′

ik is a vector of independent variables (pavement, traffic, weather
and roadway segment characteristics), �k is a vector of estimable
parameters, and εik are multivariate normally and independently
distributed error terms with zero mean, variance �2, correlation �,
and covariance matrix:
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And given these error terms, the density function of Yik is (Trivedi
and Zimmer, 2005):
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where  ̊ is the multivariate normal distribution function and � is
the multivariate normal density function. Eq. (1) shows that there
is an implicit, stochastic index (latent variable) equal to Y∗

ik
which

is observed only when positive.
The multivariate (trivariate) tobit distribution is:

F(Y1, Y2, Y3) = C[F1(Yi1|X′
i1�1), F2(Yi2|X′

i2�2), F3(Yi3|X′
i3�3); �], (4)

and the corresponding log-likelihood function for the multivariate
(trivariate) tobit model is:
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where C123(·) is the cross partial derivative for the copula (the
function linking marginal variables into the multivariate distribu-
tion; see Trivedi and Zimmer (2005) and Prokhorov and Schmidt
(2009) for specifics on the copula estimation), � the dependence

censored data as a system of equations (such as seemingly unrelated regression
equations, two-stage least squares, or three-stage least squares), which implicitly
assume that the zero observations are generated by the same process that generates
the  positive observations (see Washington et al., 2011). The univariate and multi-
variate tobit models by definition assume different generation processes for the zero
and non-zero observations (see Eq. (1)), which makes them suitable for the analysis
and  modeling of left-censored, continuous data, as the accident rates.

6 Evident injury rates include injury severity levels classified as evident injury,
disabling injury and fatal injury. The disabling and fatal injury rates individually
resulted in a sparse column of positive rates, while disabling and fatal injuries com-
bined did not significantly improve the column sparseness of non-zero values. It
is  acknowledged that this is a limiting assumption in that correlations are con-
strained to be the same within evident, disabling and fatal injury categories due to
the composite definition.
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